GALOIS THEORY OF ARTINIAN SIMPLE MODULE ALGEBRAS

FLORIAN HEIDERICH

ABSTRACT. This main purpose of this article is the unification of the Galois
theory of algebraic differential equations by Umemura and the Galois theory
of algebraic difference equations by Morikawa-Umemura in a common frame-
work using Artinian simple D-module algebras, where D is a bialgebra. We
construct the Galois hull of an extension of Artinian simple D-module alge-
bras and define its Galois group, which consists of infinitesimal coordinate
transformations fulfilling certain partial differential equations and which we
call Umemura functor. We eliminate the restriction to characteristic 0 from
the above mentioned theories and remove the limitation to field extensions
in the theory of Morikawa-Umemura, allowing also direct products of fields,
which is essential in the theory of difference equations. In order to compare
our theory with the Picard-Vessiot theory of Artinian simple D-module alge-
bras due to Amano and Masuoka, we first slightly generalize the definition and
some results about them in order to encompass as well non-inversive difference
rings. Finally, we give equivalent characterizations for smooth Picard-Vessiot
extensions, describe their Galois hull and show that their Umemura functor
becomes isomorphic to the formal scheme associated to the classical Galois
group scheme after a finite étale base extension.

INTRODUCTION

The idea behind differential Galois theory, namely to study differential equations
using group theoretical methods, dates back to Lie. Picard and Vessiot realized a
Galois theory for linear differential equations. Contemporary approaches to this
theory can be found for example in [CH11] and [vdPS03]. The Galois groups in
this theory are affine group schemes. After an attempt by Drach and work by
Vessiot, Umemura developed a Galois theory for non-linear algebraic differential
equations (cf. [Ume96]). To an extension of differential fields L|K of characteristic
0 that is finitely generated as an extension of fields he associates a new extension
L|K, the Galois hull of L|K, and attaches a group functor to it, the so called
the infinitesimal Galois group of L|K. The latter is a Lie-Ritt functor, i.e. a
group functor of infinitesimal transformations fulfilling certain partial differential
equations, which turns out to also be a formal group scheme. A theory with a
similar aim was developed by Malgrange in the framework of differential geometry
and applied by Casale (cf. [Mal01], [Cas07], [Cas08]).
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With a delay in time similar theories were realized for difference equations. The
standard reference for Galois theory of linear difference equations is [vdPS97]. Re-
cently, Umemura sketched a difference analogue of his differential Galois theory in
[Ume06] and developed it together with Morikawa (cf. [Mor09], [MUQ9]). To an
extension of difference fields L| K, i.e. fields equipped with an endomorphism, that
is finitely generated as extension of fields they also assign an infinitesimal Galois
group, which is a Lie-Ritt functor as in the differential case. Analogues of the
theory of Malgrange for non-linear (g¢-)difference equations have been developed by
Casale and Granier (cf. [Cas06], [Gra09]).

The purpose of this article is twofold. On the one hand, we unify the differential
Galois theory of Umemura and the difference Galois theory of Morikawa-Umemura
by using Artinian simple commutative D-module algebras, where D is a bialge-
bra. Differential fields and difference fields are special instances of Artinian simple
commutative D-module algebras for certain choices of D. At the other hand, we
generalize the theories of Morikawa and Umemura. We note first that most of
the above mentioned theories have been restricted to characteristic 0. Hasse and
Schmidt introduced higher and iterative derivations as a replacement for deriva-
tions in positive characteristic (cf. [HS37]) and, using them, differential Galois
theories have been developed by Matzat, Okugawa and van der Put (cf. [Oku87],
[MvdP03]). We first remove the restriction to characteristic 0 from the theories
of Umemura and Morikawa-Umemura using iterative derivations instead of deriva-
tions. So our theory could be the starting point to tackle the problem raised by
Morikawa and Umemura in [MUO09] whether the results they obtain there have ana-
logues in positive characteristic. Second, we eliminate the restriction to fields from
the difference Galois theory of Morikawa-Umemura by also allowing direct prod-
ucts of fields equipped with an injective endomorphism (they are Artinian simple
commutative D-module algebras for a particular choice of the bialgebra D). This
approach is more natural, since the total Picard-Vessiot rings of difference equa-
tions are in general not difference fields, but only direct products of fields equipped
with an endomorphism. Amano and Masuoka unified the Picard-Vessiot theories
for differential and difference extensions by using Artinian simple commutative D-
module algebras as well (cf. [AMO05]). Though they restrict themselves to Hopf
algebras D and therefore non-inversive difference extensions are not within their
scope. Here we do not limit ourselves to Hopf algebras and use a broader class of
bialgebras such that our theory encompasses as well non-inversive difference rings.
In order to compare our general Galois group with the classical Galois group scheme
of Picard-Vessiot extensions, we first define Picard-Vessiot extensions of Artinian
simple commutative D-module algebras in a slightly more general context than
Amano and Masuoka, i.e. without the assumption that D is a Hopf algebra, and
show some of their basic properties. Finally, we prove that in the case of smooth
Picard-Vessiot extensions of Artinian simple commutative D-module algebras our
general Galois group is closely related to the usual Galois group scheme.

More precisely this article is organized as follows: In the first section we recall
the definition of D-module algebras and some of their properties, where D is a
bialgebra over a field C. We obtain some results about the extension of D-module
algebra structures to tensor products and limits, which we need later. We close
the section with the definition and equivalent characterizations of Artinian sim-
ple D-module algebras, generalizing results of Amano and Masuoka. The second



GALOIS THEORY OF ARTINIAN SIMPLE MODULE ALGEBRAS 3

section is the heart of the article. We explain in detail the above-mentioned uni-
fication and generalization of the differential Galois theory of Umemura and the
difference Galois theory of Morikawa and Umemura. Let G' be a monoid and D!
an irreducible pointed cocommutative Hopf algebra of Birkhoff-Witt type that is a
CG-module bialgebra; we define D to be the smash product D*#CG. If L|K is
an extension of Artinian simple commutative D-module algebras fulfilling a separa-
bility and finiteness condition, then we construct its Galois hull £|K and associate
to it a group functor Ume(L|K) on the category of commutative L-algebras that
we call the Umemura functor in honor of its inventor in the case of extensions of
differential fields. We show that the latter is a Lie-Ritt functor and so in particular
a formal group scheme (cf. theorem 2.14). These constructions unify and generalize
those of Umemura and Morikawa and, using the language of D-module algebras,
arguments become more transparent. In section 3 we define Picard-Vessiot exten-
sions of Artinian simple commutative D-module algebras and prove some of their
properties, generalizing results of Amano and Masuoka, cf. [AMO5], where they
are proven in the case where D is a Hopf algebra satisfying some additional con-
ditions. We close this section with a list of several equivalent characterizations
of the property that the principal D-module algebra R of a Picard-Vessiot exten-
sion of Artinian simple commutative D-module algebras L|K is smooth over K
(cf. proposition 3.8). In the last section we investigate this type of Picard-Vessiot
extensions by describing their Galois hull and by comparing the Umemura functor
of such an extension with its Galois group scheme. Their Galois hull is of a par-
ticularly simple form (cf. lemma 4.1) and we show that the Umemura functor of
this kind of extension becomes isomorphic to the formal group scheme associated
to its Galois group scheme after a base extension to a finite étale extension of L (cf.
theorem 4.3). This demonstrates that the Umemura functor in a way generalizes
the Galois group scheme of Amano and Masuoka, though at the cost of generality
some information is lost (we do not recover the Galois group scheme itself, but only
a base extension of the formal group scheme associated to it). The construction of
the Galois hull £|/C, the Umemura functor Ume(L|K) and the comparison with the
classical Galois group scheme Gal(L|K) are illustrated in two examples of simple
Picard-Vessiot extensions of iterative differential fields.

This article develops further results of the authors thesis, where only extensions
of D-module fields were considered (cf. [Heil0]).

Notation: We assume all rings and algebras to be unital and associative, but not
necessarily to be commutative. Homomorphisms of algebras are assumed to respect
the units. We further assume that all coalgebras are counital and coassociative, but
not necessarily to be cocommutative. Homomorphisms of coalgebras are assumed to
respect the counits. An algebra (A, m,n) will be abbreviated by A and multiplication
and unit will then be denoted by ma and na, respectively. Similarly a coalgebra
(D, A, e) will be abbreviated by D and comultiplication and counit will then be de-
noted by Ap and ep, respectively. If D is a coalgebra and d € D, then we use the
E-notation Ap(d) = 3 4y da) @ d(z) (cf. [Swe69, Section 1.2] or [Mon93, 1.4.2]).

If R is a commutative ring, then we denote by Q(R) the total ring of fractions
of R, by Q(R) the set of minimal prime ideals of R, by N(R) the nilradical of
R and by mr: R — R/N(R) the canonical projection. We denote the category of
commutative algebras over R by CAlgp and the category of left R-modules by pM;
furthermore Grp denotes the category of groups.
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If C is a category and A and B are objects in C, then we denote the class of
morphisms from A to B in C by C(A, B). We denote the opposite category of C by
Cep,

The category of sets is denoted by Set. If A and B are sets and a € A, then
we denote by ev,: Set(A, B) — B the evaluation map, i.e. ev,(f) = f(a) for all
f €Set(A,B). If A’ C A is a subset, then res’,: Set(A, B) — Set(A’, B) denotes
the restriction map. We denote by M, (A) the set of n X n-matrices with coefficients
in A and for elements a,b € A we denote by d,p the Kronecker delta, i.e. §,4 =1
and 045 =0 if a # b.

If f: A — B is a homomorphism of rings and w = (w1, ..., wy,) are algebraically
independent elements over B, then flw]: AJw] — BJw] denotes the homomor-

phism defined by flw](X genn aew®) = onn flak)w*.
1. MODULE ALGEBRAS
Notation: Let C be a commutative ring.

1.1. Definitions and basic properties. We recall that for C-modules A, B and
D there is an isomorphism of C-modules

(1.1)  cM(D®c A,B) = cM(A,cM(D,B)), U (ar (de U(d®a))).

Lemma 1.1. If (D,Ap,ep) is a C-coalgebra and (B,mp,np) is a C-algebra,
then the C-module cM(D, B) becomes a C-algebra with respect to the convolution
product, defined by

frg=mpo(f®g)oAp
for f,g € cM(D, B), and unit element given by the composition

D 2, ¢ 12 B,

Furthermore, D is cocommutative if and only if cM(D, B) is commutative for every
commutative C-algebra B.

Proof. See for example [BW03, 1.3] O

Proposition 1.2. Let D be a C-coalgebra and let A and B be C-algebras. If W
is an element of cM(D ®@¢ A, B) and p € cM(A, cM(D, B)) is the image of U
under the isomorphism (1.1), then the following are equivalent:
(1) p is a homomorphism of C-algebras,
(2) for alld € D and all a,b € A
(a) ¥(d®ab) = 3245 ¥(da) @ a)¥(de) @b) if Ap(d) =324 da) @ d2)
and
(b)) ¥(d®14) =ep(d)lp,
hold and
(8) the diagrams

idp ®ma D®c A 4 B

m{

D®CA®CD®CA%B,

D®cA®c A

kAD®idA ®ida

D &c D@ Aoe ALETE
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where 7: D ®@c A — A®¢ D is defined by T(d®a) =a®d for alla € A

and d € D, and
eEp®NB
DRc(C——C®cB
JidD ®Rna JN
DocA—2Y 4B
commute.

Proof. The equivalence between (1) and (2) can be proven as in [Swe69, Proposition
7.0.1] and the one between (2) and (3) is clear. O

Definition 1.3. Let D be a C-coalgebra and A and B be C-algebras. If ¥ €
cM(D ®¢c A, B), then we say that ¥ measures A to B if the equivalent conditions
in proposition 1.2 are satisfied.

If Ay, Ay, By and By are C-algebras, ¥1: D ®c A1 — By measures Ay to By
and Vo: D ®c As — B measures As to Bs, then we say that homomorphisms
pa: A1 = As and pp: By — By of C-algebras are compatible with the measurings
if the diagram

D®c A1 — By
lidu ®pa ls@s
D @c Ay —2 By
commutes.
The following lemmata are clear from the definition.

Lemma 1.4. Let D be a C-bialgebra and A be a C-algebra. If U e cM(D®c A, A)
and p: A — cM(D, A) is the homomorphism associated to ¥ wvia (1.1), then ¥
makes A into a D-module if and only if the diagrams

A P cM(D, A)
Jp ch(D’p)
eM(D, A) D, M(D @c D, A) = oM(D, cM(D, A))
and
A—L 5 oM(D, A)
id evip,
A
commute.

Lemma 1.5. Let D be a C-coalgebra and Ay, Az, B and By be C-algebras. If
Uy € cM(D®¢ A1, B1) measures Ay to By and Uy € cM(D Q¢ As, By) measures
Ay to Bs and p1 and ps are the associated homomorphisms of C-algebras, then
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homomorphisms of C-algebras oa: Ay — As and pp: By — Bs are compatible
with the measurings if and only if the diagram

A1 L> CM(D,Bl)

JSDA ch(DWB)

A2 L CM (D, Bg)
commutes.

Definition 1.6. Let A be a C-algebra, D be a C-bialgebra and let ¥ € ¢ M(D Q¢
A, A) measure A to A. We say that ¥ is a (left) D-module algebra structure on
A if U makes A into a D-module (cf. lemma 1.4). The pair (A, ¥) is then called
(left) D-module algebra.

A commutative D-module algebra is a D-module algebra (A, ¥) such that the
C-algebra A is commutative.

A homomorphism of D-module algebras from (A1, U1) to (A, Us) is a homomor-
phism of C-algebras p: A1 — Ag that fulfills the equivalent conditions of lemma 1.5
(’ll]ith Bl = Al and BQ = AQ)

Notation: IfU: D®cA — B is a homomorphism of C-modules, then we denote by
p: A— cM(D, B) the homomorphism corresponding to U under the isomorphism
(1.1) and vice versa. If d € D and a € A, then we denote ¥(d ® a) also by d.a or
d(a) if there is no danger of confusion.

Definition 1.7. For a C-coalgebra D, a C-module V and ¥ € cM(D ®@c V, V) we
define the constants of V' with respect to ¥ as

VYV i={veV|V(dov)=cp(dv foraldc D}.

If p € cM(V,cM(D,V)) is the element corresponding to ¥ under the isomorphism
(1.1), then we denote V¥ also by V. Sometimes we will also denote it by V.

Example 1.8. Let A be a commutative C-algebra.

(1) If Dger = C|Gy,] is the Hopf algebra on the coordinate ring of the additive
group scheme G, over C, then Dge.-module algebra structures on A are in
1-1 correspondence with C-derivations on A.

IfQ C A, then ¢ M(Dyer, A) is isomorphic to the formal power series
ring AJw]. If @ is a C-derivation on A, U the corresponding D je,--module
algebra structure on A and p is the homomorphism of C-algebras corre-
sponding to U via (1.1), then the composition A 2> cM(Dger, A) S Afw]
is given by a — Y,y %wk, This homomorphism appears in [Ume96]
and is called universal Taylor homomorphism there.

In contrast, cM(Dger, A) is not reduced in positive characteristic. It is
isomorphic to the ring of so called Hurwirtz series as defined by Keigher
(cf. [Kei97]).

(2) If Doyt = C[Gy,] is the Hopf algebra on the coordinate ring of the multi-
plicative group scheme G, over C, then Dq.¢-module algebra structures on
A are in 1-1 correspondence with automorphisms of the C-algebra A.

The C-algebra cM(Dgys, A) is isomorphic to A%, the ring of maps from
the integers to A with pointwise addition and multiplication. If o is an au-
tomorphism of the C-algebra A, U the corresponding D g-module algebra
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structure and p the associated homomorphism via (1.1), then the composi-
tion ALy cM(Daur, A) S A% is given by a — (k — o¥(a)).

If Deng = CJt] is the polynomial algebra over C with coalgebra structure
defined by A(t") = t" @ t" and e(t") = 1 for all n € N, then Denq-module
algebra structures on A are in 1-1 correspondence with endomorphisms of
the C-algebra A.

The C-algebra cM(Dena, A) is isomorphic to AN, the ring of maps from

the natural numbers to A with pointwise addition and multiplication. If o
is an endomorphism of the C-algebra A, V the corresponding D.,q-module
algebra structure and p the associated homomorphism via (1.1), then the
composition A Ly cM(Dena, A) = AN is given by a — (k — o*(a)). This
homomorphism appears in [Mor09] and is called universal Euler homomor-
phism there.
For a monoid G we define a C-bialgebra CG by taking the monoid alge-
bra CG as the underlying algebra with the coalgebra structure defined by
Alg) = g®g and e(g) = 1 for all ¢ € G. Operations of the monoid
G as endomorphisms on the C-algebra A are in 1-1 correspondence with
CG-module algebra structure on A.

The C-algebra cM(CG, A) is isomorphic to A%, the ring of maps from
G to A with pointwise addition and multiplication. If U: CG®c A — A is
the CG-module algebra structure on A corresponding to an operation of G
on A and p: A — cM(CG, A) the corresponding homomorphism, then the
composition A — cM(CG, A) — A% is given by a + (g + g.a).

In the cases G = (N,4) and G = (Z,+) we recover the situation in (2)
and (3), respectively.

Let Dip be the free C-module with basis consisting of 8% for all k € N
with C-algebra structure defined by

9Dl .— (“LJ) ) and 1= O
2

for alli,j € N and C-coalgebra structure defined by
AOD) = Y 00 @00 and £(07) =60

11 +i2=1

for all i € N. Then Dip becomes a Hopf algebra with antipode defined
by S(0W) = (=1)'0%) and Dip-module algebra structures on A are in 1-
1 correspondence with iterative derivations on A over C (cf. [HS37] or
[Mat89, §27]). We note that the bialgebras Dger and Dip are isomorphic
if Q C C. Therefore derivations and iterative derivations are equivalent on
Q-algebras.

The C-algebra ¢cM(Dgp, A) is isomorphic to Aw] and if (0%)) ey is
an iterative deriwation on A over C, ¥ the induced Dip-module algebra
structure and p the associated homomorphism of C'-algebras, then the com-
position A 5 cM(Dip, A) = Aw] is given by a — S ren 0% ()wh. We
will identify an iterative derivation with this homomorphism as in [HeiOT7].

We note that there are differences in the definition of higher derivations.
In [Mat89], [Hei07] and [HeilO] a condition on 0©) is posed, which is not
present in [Swe69]. Using the definition of Sweedler, higher derivation from
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A to another commutative C-algebra B are in 1-1 correspondence with Dip -
measurings from A to B. When B is a commutative A-algebra via A 5
B, then higher derivations (of length oo) in the sense of Matsumura (cf.
[Mat89, §27]) are in 1-1 correspondence with Dyp-measurings from A to B
such that the associated homomorphism of C-algebras p: A — «M(D, B)
fulfills evy, 0p = g.

(6) For allm € N we define DHD(m) as the free C-module with basis consisting

of 00 ... 0™ and equip it with a C-coalgebra structure defined by
AOD) = Y 00 @00 and (0%) =60

i1+i2=1
for alli € {0,...,m}. Then DHDm)-measurmgs from A to another com-

mutative C-algebra B are in 1-1 correspondence with higher derivations of
length m from A to B over C in the sense of Sweedler (cf. [Swe69)]).

Let now B be a commutative A-algebra via A 5 B. Then higher deriva-
tions of length m in the sense of Matsumura (cf. [Mat89, §27]) are in 1-1
correspondence with, DHD(M) -measurings from A to B such that the associ-
ated homomorphism of C-algebras p: A — ¢M(D, B) fulfills evy, op = g.
We note that Dyp is isomorphic to hﬂmeN DHD(m> as C'-coalgebra.

The C-algebra CM(DHD(m)7B) is isomorphic to Blw]/(w™") and if
(0% k—o.....m is a higher derivation of length m from A to B over C, W is
the induced DHD(M—measuring and p the associated homomorphism, then
the composition p: A — CM(DHD(m ,B) & Blw]/(w™*?) is given by

a3t 00 (a)w” + (wmtt).
(7) For every C-bialgebra D, there is a D-module algebra structure

Up: DRcA— A

)

on A defined as the composition

Dec A2 o A—" s A
We call ¥y the trivial D-module algebra structure on A.
The homomorphism py: A — ¢M(D,A) associated to the trivial D-
module algebra structure $q is given by po(a)(d) = ep(d)a for all a € A
and d € D.

If D and D’ are C-bialgebras, then D ®¢c D’ becomes a C-bialgebra with the
usual C-algebra structure and the coalgebra structure defined by

(12) Aded):= Y di@dy ®@de @dy and e(d®d):=e(d)e(d).
(d),(d")

A pair of commuting D- and D’-module algebra structures on a C-algebra A gives
rise to a D ®¢ D’-module algebra structure on A and vice versa.

For every n € N the tensor product Dip» = Dip ®& is a cocommutative Hopf
algebra and Dpn»-module algebra structures correspond to systems of n commuting
iterative derivations, which we call n-variate iterative derivations (cf. [Hei07] or
[Maul0]). Furthermore, Dipn-measures from R to itself such that 1p,...a = a
for all @ € R correspond 1-1 to n-variate higher derivations on R in the sense
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of [Hei07]. Similarly, we define for n € N and m = (mg,...,m,) € N" the C-
coalgebra DHD(n = Dup ) Rc- Q¢ DHD( ) and note that Dyp» is isomorphic
™ N o

(m

to lim . Dupy | as C-coalgebra.

Notation: For C-bialgebras Dy and Dy and C-algebras A we often make implicitly
use of the isomorphism of C-algebras

(1.3) cM(Dz, cM(D1,A)) =2 cM(D1 @¢ Do, A) = cM(D1, cM(Ds, A)).

Lemma 1.9. Let D be a C-bialgebra and A a be C-algebra.
(1) The C-algebra ¢ M(D,A) becomes a D-module algebra by the homomor-
phism of C-modules
Vit D ®c CM(D, A) — CM(D,A)
that sends d® f € D @c ¢cM(D, A) to the homomorphism of C-modules
Uini(d® f): D= A, d— f(dd) forallde D.
For any homomorphism of C-algebras ¢: A — B the induced homomor-
phism of C-algebras
CM(D7¢): CM(D>A) — CM(DaB)
is a homomorphism of D-module algebras with respect to the D-module
algebra structures on ¢M(D,A) and ¢M(D,B) given by Ve Thus,
cM(D,—) is a functor from the category of C-algebras to the category
of D-module algebras.
(2) The constants cM(D, A)Yint are equal to po(A), where po: A — cM(D, A)
18 the homomorphism associated to the trivial D-module algebra structure
Uy on A (cf. example 1.8 (7)).
(8) If D’ is another C-bialgebra and V' is a D'-module algebra structure on
A with associated homomorphism p', then V' induces a D'-module algebra
structure on ¢cM(D, A) with associated homomorphism given by
(14)  oM(D,p): cM(D,A) = cM(D,cM(D', A)) = cM(D', cM(D, A)).

This D'-module algebra structure commutes with the D-module algebra struc-
ture Wipne on cM(D, A) and thus cM(D, A) becomes a D ®c D'-module
algebra.

Proof. We note that the homomorphism of C-modules
pint: cM(D,A) = cM(D, cM(D, A)),
associated to W;,; via the isomorphism (1.1), corresponds to
cM(mp,A): eM(D, A) = cM(D ®¢ D, A)

under the isomorphism of C-algebras (1.3). Since mp is a homomorphism of C-
coalgebras, cM(mp, A) and therefore also p;,; are homomorphisms of C-algebras.
The diagram

CM(DvA) % CM(DacM(D7A))

ele
id

CM(D7 A)



10 FLORIAN HEIDERICH

obviously commutes. Using again the isomorphism (1.3), the commutativity of the
diagram

cM(D, A) Pint cM(D,cM(D, A))

innt

cM(D,cM(D, A))

ch(Dmim)

M ,cM(D,A
Mnp,eMBA, AM(D @e D, eM(D, A))

follows from the associativity of D. Therefore, ¥;,; is in fact a D-module algebra
structure on ¢ M (D, A). For a homomorphism of C-algebras ¢: A — B, the big
rectangle and the square on the right in the diagram

CM(’I’TLD ,A)

cM(D,A) — s cM(D, cM(D, A)) —=— (M(D ®¢ D, A)
JCM(D#P) JCM(DcM(D#P)) ch(DQ@cD,tp)

cM(D,B) "5 cM(D, cM(D, B)) —=— ¢ M(D ®¢ D, B)
T oM

commute and thus the rectangle on the left commutes too, i.e. ¢M (D, ) is a homo-
morphism of D-module algebras with respect to the D-module algebra structures
given by ¥;,; on ¢cM(D, A) and ¢ M(D, B).

To prove part (2), let f € cM(D, A). Then f is constant with respect to Uy,
if and only if f(d) = (Vint(d @ f))(1) = ep(d)f(1) for all d € D, i.e. if and only if
7 = polf(1)).

It is clear that ¢ M(D, p’) induces a D’-module algebra structure on ¢ M(D, A),
which we denote again by ¥’. Then we have for all f € ¢cM(D,A),d,d € D and
deD

V(d' © U (d® )(d) = V(d © f(dd)) = Vyur(d © V(@' @ £)(d).
O

Lemma 1.10. Given a C-bialgebra D, a D-module algebra structure ¥ € ¢ M(D®¢
A, A) on A, the associated homomorphism p: A — cM(D,A) is a homomor-
phism of D-module algebras from (A, V) to (cM(D,A), V). The homomor-
phism p is universal among all homomorphisms of D-module algebras A: (A, ¥) —
(cM(D,B),V;,t), where B is a C-algebra, in the sense that for every such A
there exists a unique homomorphism of C-algebras A\: A — B such that A =
cM(D,X)op.

Proof. Since ¢M(D,p)op = cM(mp, A) o p and since the homomorphism of C-
algebras p;n: associated to W;,; corresponds to cM(mp, A) under the isomorphism
of C-algebras (1.3), we see that p is in fact a D-module algebra homomorphism
from (A,¥) to (¢cM(D, A), V). To show the universality of p, let A: (4,T) —
(cM(D, B),VU;nt) be a homomorphism of D-module algebras. We define A =
evi, oA and obtain ¢cM(D, N)op = cM(D,evy,)ocM(D,A)op = cM(D,evy,)o
pint © A = A. (Il

For D = Dgyer and D = D,,q one recoveres as corollaries [Ume96, Proposi-
tion 1.4] and [Mor09, Propositions 2.5 and 2.7].
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1.2. Extensions of module algebra structures.

Proposition 1.11. Let D be a cocommutative C-bialgebra,
(Sv \IJS) — (Ra \I/R) — (T7 \IJT)

be a diagram in the category of commutative D-module algebras. Then S @r T
carries a unique D-module algebra structure ¥ such that (S @ T, V) becomes the
coproduct of (S,¥g) and (T, Vr) over (R, Vg) in the category of commutative D-
module algebras. This D-module algebra structure on S Qr T is given as

(1.5) V: DRc S®rT — S®grT, dRsRt — Z\I’S(d(l) ®S)®\IIT(d(2) ®t).
(d)

Proof. Since D is cocommutative and R, S and T are commutative C-algebras, the
C-algebras cM (D, R), cM(D, S) and cM(D,T) are commutative. We denote the
C-algebra homomorphisms associated to U, ¥g and ¥ via the bijection (1.1) by
PR, ps and pr, respectively. By the universal property of the coproduct S ®g T
in the category of commutative C-algebras, there exists a unique homomorphism
p: SQrT — cM(D,S®rT) of C-algebras that makes the diagram

/ P S
R SQrT——cM(D,S@rT)

A

\T/—’)T>CM(D,T)

commutative. This homomorphism gives rise to a D-module algebra structure on
S ®pgr T, since the diagrams

S—— " s M(D,S)

S@rT L= cM(D,S @rT)

ele
id

S®rT

and

SorT ? cM(D,S @ T)

Jp \LCM(DJ))

cM(D,S@rT) cM(D,cM(D,S®rT))

commute (which also follows from the universal property of S ®g T'). Using the
universal property of S®g T again, we see that (S®grT, V) is in fact the coproduct
of (S,¥g) and (T,¥r) over (R,¥g) in the category of commutative D-module
algebras.

Since S — S@rT,s+— s®land T — SQRT,t — 1®t are homomorphisms of D-
module algebras, we have U(d®s®1) = Ug(d®s)®1 and ¥ (d®1®t) = 1@V (dRt)
for all s € S;t € T and d € D. Since ¥ measures S @ T to itself, it follows
U(dRs®t) = Z(d) \Ils(d(l) ® s) ®\I/T(d(2) ®t). (]

cM(mp,S®rT)
L

Notation: In the situation of proposition 1.11 we denote by abuse of notation the
D-module algebra structure on S @g T by ps ® pr.
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Proposition 1.12. (1) Let I and J be two small categories,
R: J? = CAlge  and S:I°° = CAlgg
be two functors. We write R; and S; instead of R(j) and S(i) for j € J
and i € I, respectively. Let " be a small category and D be a functor from
I to the category of cocommutative C-coalgebras and let D be the colimit of
D, ie D= @yer D(v). We denote D(~y) by D.. Let
a: (I xT)? — Jop
be a functor and suppose that for every i € I and every v € T the C-
coalgebra D~ measures Ry (;~) to S; and denote the associated homomor-
phism of C-algebras by
Py Ragiqy) = cM(D~, S;).
We suppose that these measurings are compatible in the sense that for every
morphism i1 — i2 in I and yv1 — 2 in I’ the diagram
Pig,va
Ra(lz yo) T CM(D%vSZz)
J 911 71 l
Raiyy) — cM(Dy,, Siy)
commutes. * Then there exists a unique D-measure from R:= (Ln eJor R;
to S = im, ., S; with associated homomorphism p: R — ¢M(D, S) such
that
R—' 5 cM(D,S)
Ta(i,y) lresg ocM(D,m;)
R a(iy) 4) C./\/l(l),y7 S)
commutes for all i € I and v € I', where 7;: R — R; and m;: S — S,
denote the projections.
(2) We assume in addition that there are compatible homomorphisms np. : C —
D, such that 1p_ = np. (1c) fulfills Ap (1p,) = 1p ®1p, andep (1p,) =
1¢ for all v € T'. Furthermore, we assume that there is a natural transfor-
mation from the functor Ro« to S (both are considered as functors from
(I xT) to CAlg., where S does not depend on the second factor), giving
rise to homomorphisms of C-algebras
(16) Ra(i,'y) — 51
foralli eI and v € T and thus to a homomorphism
(1.7) R— 8.

IThis amounts to giving a mnatural transformation from the functor R o a: (I x [')°P —
CAlge, (i,7) ¥ Rq(i,y) to the functor (I x T)?P — CAlgg, (4,7) = cM(D~, S;).



(3)

(1.10)
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If the diagram

Ra(i,'y) ﬂ} CM(D»\/, Sz)

M J "oy

Si

commutes for alli € I and v € T, then p makes the diagram

R—"+ cM(D,S)
\ evip,
(1.7)
commutative.

We assume furthermore that D is a (cocommutative) C-bialgebra, that I =
J, that R = S and that there is a functor u: I' x T' — T',(v,9) = fy5
and a natural transformation from (D @c D): T x T' — CAlge, (7,79) —
D(y)®c D(3) to Doy inducing homomorphisms m., 5 D, ®c D5 — Dy, .
that are compatible with the multiplication mp in the sense that the diagram

0>

DocD—"2 4D

|

D, ®c Dy —5 D

Hyy
commutes for all v,5 € I'. If the diagram

Pa(i,),A

Ro(aiving)ng) — Ba(ati),g) — cM(D5, Ragisy)

|

(i, pyg)

lpi""w‘/
M(m~ 5,R;
CM(DH’Y’_V,RZ‘) C ( 220 )

R CM(D’yvpi,'y)

cM(D, ®c D5, R;),

where the vertical homomorphism with source the top left corner is an in-
stance of (1.6), commutes for all v, € T and i € I, then the D-measure
from R to itself above is a D-module algebra structure.

Furthermore, (]:2, p) has the following universal mapping property: Given
a D-module algebra (T, pr) and compatible homomorphisms (p;: T — R;)icr
such that

l“esg7 ocM(D, ¢i) © pT = Piy © Paliy)

for alli € I and v € T, there exists a unique homomorphism of D-module
algebras ®: T — R such that m; 0 ® = @; for alli e I.
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Proof. The universal mapping property of the limit 1&1 (i) yor cM(D,, S;) pro-

e(IxIl
vides a unique homomorphism of C-algebras

(1.11) R—  lm  oM(D,,S)
(i) EAXT)°P

such that the diagram

Pig, v

Raiz ) cM(D.,, Si,)
i >1.&n(i.ﬁ/)e(1><l“)op cM(Ds, ;)
Wam - \

Ra(ilﬁ’h) CM(D’YUSh)

commutes for all 47 — iy in I and all 44 — 75 in I'. Since the functor «M(D, —)
preserves limits of C-modules and since the functors ¢ M(—,S;) turn colimits into
limits (cf. [Mac71, V.4]), we have an isomorphism

(1.12) @1 cM(D,, S;) = C/\/l(h_ng D,, @1 S;) = eM(D,S),
(i,7)E(IXT)°P ~ver iclor

which is a homomorphism of C-algebras. By composing (1.11) and (1.12), we obtain
a homomorphism of C-algebras

p: R— cM(D,S).
For the proof of part (2) we note that the outer triangle in the diagram

Pi,~
i) cM(D,, S;)

R

R s cM(D,S)

where the unlabeled arrows are (1.6) and (1.7), commutes by assumption for all
i € I and v € I'. Therefore, the inner triangle also commutes by the universal

mapping property of the limit S = @z‘emﬂ S;.
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By the assumption in part (3) the outer rectangle in the diagram

Pa(i )%

Roa(ivinguny) — Ra(a(im).5) M(D5, Raiy)
resg“‘/OCM(D’T(Q(M
R ’ M(D, R)
R jins) p M(D,p) M(D5.pi.+)
~ M(mp,R ~
pins  M(D,R) =220 L \(D e D, R)
esguw_yo./\/l(D,m) resg?gD'?M(D@[N
' M(me 5,Ri)

M(Duwﬁ ’ Ri)

M(D, ® D5, R;)

commutes for all ¢ € I and ~,5 € T', where all tensor products are over C' and
where we abbreviate cM by M. The trapezoids commute, since the projections
m;: R — R; are compatible with the D-measurings and since (1.8) commutes. Thus,
by the universal mapping property of
oeM(D @¢ D, R) = lim oM(D, ®¢ D5, Ry),
(4,7, 7)E(I XTI XT)°P

the inner rectangle also commutes and we see that R is a D-module algebra.

If ;: T — R; are compatible homomorphisms such that (1.10) holds, then,
by the universal property of R = @ie op I I the category of commutative C-

algebras, there exists a homomorphism of C-algebras ®: T — R such that ;0 ® =
; and so the triangles at the left and right in the diagram

pT

T cM(D,T)
X“(T”) resp_ OCV
@ Ra(iﬁ) L> CM(DW, R;) cM(D,®)
/) e, oo A;(D\)

R’ . oM(D, R)

commute for all ¢ € I. The two trapezoids at the top and bottom commute by
assumption and by the previously shown, respectively. By the universal property
of cM(D,R) = I&H(i,'y)e(lxl“)"l’ cM(D,, R;) we obtain cM(D,®)oppr =pod,ie.
® is a homomorphism of D-module algebras. t

Corollary 1.13. Let D be a cocommutative C-bialgebra. Then small inverse sys-
tems of D-module algebras have inverse limits.

Proof. This follows from proposition 1.12 by taking I = J, R = S, the category
I' to consists of exactly one object v and one morphism id, and D, = D and by
defining «: 1P x TP — I°P by «a(i,y) =i for all ¢ € I. O
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Corollary 1.14. Let R be a linear topological ring with fundamental system of
neighborhoods B of 0. Let T' be a small category and D be a functor from T' to
the category of cocommutative C-coalgebras and let D be the colimit of D, i.e.
D = hgweF D(vy). We denote D(v) by D.,. Let ¥ € cM(D®¢ R, R) measure R to
R and assume that the associated homomorphism of C-algebras p: R — ¢ M(D, R)
is continuous with respect to the given topology on R and the linear topology on
cM(D, R) with fundamental system of neighborhoods of 0 given by the ideals

(eM(D,I),Ker(¢cM(D, R) = cM(D, R)))

for all1 € B and v € . Then ¥ uniquely extends to a D-measure U € cM(D ®¢
R, ]:2) from R = @166 R/I to itself and the associated homomorphism of C'-

algebras p: R — CM(D,R) is continuous with respect to the induced topology on
R and the linear topology on cM(D, R) with fundamental system of neighborhoods
of 0 given by the ideals

(CM(D’ f)’ Ker(CM(Dv R) - CM(D'Y’ R)))

for all I € B and v € T, where B is a fundamental system of neighborhoods of
0€R.

If for every v € T' there is a homomorphism np. as in proposition 1.12 (2) such
that 1p., == np. (1c) fulfills ¥(1p, ®a) = a for all a € R, then U(1p®a) = a holds
for all a € R.

We furthermore assume the existence of a functor p: I' x I' — T" and homo-
morphisms My, ~,: Doy, @c Dy, — Dy, for all y1,7v2 € 1" as in proposition 1.12
(8) and that D is a (cocommutative) C-bialgebra. If ¥ € cM(D ®@¢ R, R) is a D-
modAule algebra structure on R, then its extension U is a D-module algebra structure
on R.

Proof. For all I € B and v € T there exists an ideal «(I,v) in B such that
plal,7)) € (eM(D,I),Ker(cM(D,R) - cM(D,,R))) and we obtain homo-
morphisms of C-algebras pr: R/a(l,v) = ¢M(D,,R/I), which are compatible
in the sense that for all I, C I in B and all v — 72 in I" the diagram

PIg,yo

R/O[(IQ,’YQ) —_— CM(DWQ, R/IQ)

J J

pIy,

R/a(Iy, 1) —% cM(D.,, R/1;)
commutes. Then the three claims follow from the corresponding parts of proposi-
tion 1.12. O

In the special case of higher and iterative derivations on adic linear topological
rings we obtain:

Corollary 1.15. Let R be a linear topological ring with respect to the I-adic topol-
ogy on R, where I is an ideal in R, and 0: R — R[t] be an n-variate higher
derivation on R that is continuous with respect to the I-adic topology on R and
the (I,t)-adic topology on R[t]. Then the n-variate higher derivation 6 extends
uniquely to an n-variate higher derivation 0: R — R[[t]] on the completion ]:Z, which
s again continuous. If 0 is iterative, then 0 is iterative too.
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Proof. We define B := {I* | k € N}, D :== Dipn, I' := N", Dy = DHD("” for all
l e Nn, ,U,(ll,l2) =11 + 13 and let

m : D n D n — D n
l1l2 HD(ll) ®o HD(lz) HD(11+12)

be the restriction of the multiplication on Dyp». Identifying ¢ M (Dp=, R) with
R[t], the ideal (cM(D,I*),Ker(cM(D,R) — cM(Dy, R))) corresponds to the
ideal (I*, tlfH, ooyttt for all k € N and I € N, which form a base of neighbor-
hoods of 0 of the linear topological ring R[t]. Since € is continuous, there exists
for every k € Nand I € N™ an £ € N such that §(I%) C (I*, ¢, ... ti+1). So the

r'n

claim follows from corollary 1.14. ([l

Example 1.16. Let R be a commutative C-algebra and n € N. On R[z], where
x = (r1,...,2,), there is an n-variate iterative derivation 05: Rlx] — R[x|[w]
(with w = (w1,...,wy,)) defined by Oy(x;) = x; +w; for i = 1,...,n. This n-
variate iterative derivation extends uniquely to R(x) (cf. [Mat89, Theorem 27.2] or
[Heil0, Proposition 1.2.2]) and by corollary 1.15 it uniquely extends to R[x]. We
denote these extensions (and their extensions to formally étale extensions) again
by 0.

1.3. The structure of pointed cocommutative Hopf algebras. In this sub-
section we recall some definitions and a result about the structure of pointed co-
commutative Hopf algebras.

Notation: Let C be a field.

Definition 1.17. If H is a C-bialgebra, then the elements of
(1) G(H) ={x € H| A(x) =2 ®x} are called grouplike elements of H and
the elements of
(2) PH)={x€ H|A(z) =2®1+1®x} are the primitive elements of H.
Definition 1.18. Let H be a C-coalgebra. The coalgebra H is

(1) irreducible if any two subcoalgebras of H have a non-zero intersection,
(2) simple if H has no proper subcoalgebras,
(3) and pointed if every simple subcoalgebra of H is of dimension 1 over C.

A mazimal irreducible subcoalgebra of H is called an irreducible component of H.
Definition 1.19. Let H be a C-bialgebra and A be a commutative left H-module
algebra. We define the smash product of A with H, denoted by A#H, as the C-

algebra with underlying C-module A @c H, whose elements a ® h will be denoted
by a#h, and with multiplication given by

(attg) (b#h) =) alg)b)#gh
(o)
for all a#g,b#h € A#cH and with unit 1#1.

There is the following theorem on the structure of pointed cocommutative Hopf
algebras, cf. for example [Mon93, Corollary 5.6.4] or [Swe69, Theorem 8.1.5].

Theorem 1.20. Let H be a Hopf algebra with set of group like elements G and let
H?' be the irreducible component of H containing 1.
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(1) Then H* is a sub-Hopf algebra of H and is a CG-module algebra via
(1.13) g-h:=ghg™"

forallg € G and h € H*.
(2) If H is pointed cocommutative, then there is an isomorphism

(1.14) H'#CG — H, h#qg+— hg.

(3) If H'#CG is equipped with the tensor product coalgebra structure (cf. (1.2))
and the antipode defined by S(h ® g) = (1#g1)(S(h)#1), then the iso-
morphism (1.14) is an isomorphism of Hopf algebras.

Definition 1.21. Let H be a C-bialgebra. Then a (left) H-module bialgebra is a
C-bialgebra (A, A,e,m,n) such that A;e,m and n are maps of (left) H-modules,
where we equip A ®c A and C with the H-module structures given by

ha®b) = Z hya® hiyb  and  he = e(h)c
(h)

forallh e H, a,b€ A and c € C.

Remark 1.22. In the situation of theorem 1.20, the sub-Hopf algebra H' of H is
not only a CG-module algebra via (1.13), but in fact a left CG-module bialgebra.

Definition 1.23. A pointed irreducible cocommutative bialgebra H is called a
Birkhoff-Witt bialgebra if an infinite sequence of divided powers lies over each prim-
itive element a € P(H), i.e. if there is a sequence of elements (an)nen in H such
that ay = a and A(a,) =Y iy a; @ an—; for alln € N.

For any vector space U over C, Sweedler defined in [Swe69, p. 261-271] the cofree
pointed irreducible cocommutative coalgebra B(U) on U. We have the following

Proposition 1.24 ([HS70, Proposition 4.2.10]). A pointed irreducible Hopf algebra
H is Birkhoff-Witt if and only if it is isomorphic to B(U) with U := P(H).

If U is a vector space of finite dimension n over C, then B(U)* := ¢« M(B(U),C)
is isomorphic to the formal power series ring C[Xy,...X,] as C-algebra and in
general B(U)* is a domain, cf. [Swe69, Example-Exercise on p. 278].

1.4. Simple and Artinian simple module algebras.

Definition 1.25. Let D be a C-bialgebra.

(1) A simple commutative D-module algebra is a commutative D-module alge-
bra (A, ¥ 4) that has no non-trivial D-stable ideals, i.e. ideals I < A such
that V4(D®I) C 1.

(2) An Artinian simple commutative D-module algebra is a simple commuta-
tive D-module algebra A that is Artinian as a ring.

Definition 1.26. Let D be a C-bialgebra.

(1) If L|K is an extension of Artinian simple commutative D-module algebras
and B is a subset of L, then we denote by K (B) the smallest Artinian simple
D-module subalgebra of L that contains K and B. The extension L|K is
finitely generated as extension of Artinian simple commutative D-module
algebras if there exists a finite subset B of L such that L = K(B).
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(2) If S|R is an extension of commutative D-module algebras and B is a subset
of S, then we denote by R{B}p (or also by R{B}v, R{B}, or R{B} if
there is no risk of confusion) the smallest D-module subalgebra of S that
contains R and B.

Lemma 1.27. Let D be a C-bialgebra and (A, U ,4) be a simple commutative D-
module algebra. Then AY4 is a field and for every C-module V' and every Uy €
cM(A#D ®@¢ V, V) the natural homomorphism

A@ 0, VIV 5V

is injective, where Uy: D®cV — V is the restriction of Uy .

Proof. Amano and Masuoka prove this in [AMO05, Corollary 3.2] under the hypoth-
esis that D is cocommutative and their proof holds also if D is not cocommuta-
tive. ([l

Lemma 1.28. Let A be a commutative C-algebra, B be a commutative A-algebra
and D be a cocommutative C-bialgebra. Then ¢cM(D,A) and po(B) are linearly
disjoint over py(A) as subalgebras of cM(D, B).

Proof. Let by,...,b, € B belinearly independent over A. If f1,..., f, € cM(D, A)

are such that > | fipo(b;) = 0, it follows 0 = Y1 (fipo(b;))(d) = >_iy fi(d)b;
for all d € D. Since by, ..., b, are linearly independent over A, we obtain f;(d) =0
forallde Dandalli=1,...,n. [

Until the end of this section we make the following

Assumption 1.29. Let C be a field, G a monoid and D' be a pointed irreducible
cocommutative Hopf algebra of Birkhoff-Witt type over C such that D' is a CG-
module bialgebra, where CG is the C-bialgebra defined in example 1.8 (4). We define
D = D'#CG and for every submonoid G' of G we define D(G') := D'#CG’ (cf.

subsection 1.3).

Lemma 1.30. The smash product D'#CG becomes a C-bialgebra with the coalge-
bra structure defined by

Ad#g) = > doy#g @ doy#g  and  e(d#tg) = e(d)
@

for all d#tg € D'#CG.
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Proof. The coalgebra axioms for D'#CG follow directly from those of D'. Since
comultiplication and counit of D! are CG-module homomorphisms, we obtain

A((c#tg)(d#h)) = A(cg(d)#gh)
= > (cg(d) ) #gh ® (cg(d)))Fgh
(cg(d)
= Y cwl9(d)n#gh @ cz)(9(d)) 2 #ah
(e).(g(d)

= Z cyg(dy)#gh @ c2y9(d2y)#gh
(c),(g(d))

= Z (cqy#9)(d)#h) @ (c2)#9)(d(2)#h)
(c),(d))

= A(c#g)A(d#h)
and
e((c#tg)(d#h)) = e(cg(d)#gh) = £(cg(d)) = e(c)e(g(d)) = e(c)e(d) = e(c#g)e(d#h)
i.e. A and ¢ are multiplicative and obviously they respect the units. (]

Remark 1.31. If D is a pointed cocommutative Hopf algebra, then by theorem 1.20
it is isomorphic to D'#CG, where G is the group of grouplike elements of D.
Assumption 1.29 is weaker in the sense that we do not assume that G is a group,
but only a monoid. Therefore the following results are generalizations of results
from [AMO5, Section 2|, where D is assumed to be a Hopf algebra. This includes
in particular the bialgebra Depnq from example 1.8 (3).

Proposition 1.32. Let R be a commutative D-module algebra that is Noetherian
as a ring and simple as D-module algebra. We further assume that each g € G acts
as an injective endomorphism on R, i.e. the endomorphism R — R,a +— U(g ® a)
is injective (this is the case for example if G is a group or if G is commutative, cf.
lemma 1.33). We consider the induced action of G on Q(R) from the right defined
by P.g := g~ Y(P) for g € G and P € Q(R), where g~ (P) denotes the inverse image
of P under the endomorphism g, and denote by Gp = {g € G | g*(P) = P} the
stabilizer of P in G. Then the following hold:

(1) Every P € Q(R) is D'-stable, so that R/P becomes a D(Gp)-module
domain. As D(Gq(r))-module algebra R/P is simple, where Gog) =
Noear)Gaq-

(2) The right action of G on Q(R) is transitive. Therefore the stabilizers Gp
are conjugate to each other.

(3) There is a natural isomorphism R = ] peqpy B/ P.

Proof. The proof is similar to the one of [AMO5, Proposition 2.4], but some mod-
ifications are necessary due to the fact that in general the g € G do not act as
automorphisms on R. We first note that the set Q(R) of minimal prime ideals of
R is finite. Since R is reduced, Ngeor)@ = 0 and since all g € G act as injective
endomorphisms on R, it follows

Noea(r)9™ (Q) = Ngear)@ = 0.
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Therefore g71(Q) € Q(R) for all @ € Q(R) and all g € G. Since [G : Gg] < |Q(R)|,
the index [G : Gg] is finite for all Q € Q(R) and hence is [G : Gog)].

To prove (1), we denote by p1: R — ¢M(D', R) the homomorphism of C-
algebras associated to the restriction of the D-module algebra structure to a D!-
module algebra structure. Then the inverse image p;*(cM(D?, P)) is a D'-stable
prime ideal of R that is included in P. Since P is a minimal prime ideal, it follows
P = p; Y (cM(D', P)) and so P is D'-stable.

Let J be a proper D(Gqr))-stable ideal of R containing P. Let 1 = g1,...,g,
be a system of representators of the cosets G/Ggq(gy. Then N;_,g; 1(J) is D-stable
and thus equal to (0), since R is a simple D-module algebra. Since P is a prime
ideal, there exists an i € {1,...,v} such that g;'(J) C P. Together with our
assumption P C J we obtain g; *(P) C g;*(J) C P. Since P is a minimal prime
ideal, it follows g; *(P) = P, i.e. i = 1 and thus J = P. Therefore R/P is a simple
D(Ggq(r))-module algebra.

To prove (2), let P € Q(R). By part (1), g~!(P) is D'-stable for all g € G.
Therefore the intersection Nyeq/qp g~ 1(P) is D-stable and thus we have

Naear)@ = (0) = Ngec/ap9~ " (P),
since R is a simple D-module algebra. It follows {g~(P) | g € G/Gp} = Q(R).
Now we prove (3): By the previous we have a bijection G/Gp = Q(R) for every
P e Q(R). If Q and Q' are distinct elements of Q(R), then (Q C)Q + Q' = R,
since R/Q is a simple D(Gq(r))-module algebra. Hence R — [[pcq(r) B/Q =
Heec/cr R/g~'(P) is an isomorphism by the Chinese remainder theorem. O

Lemma 1.33. If the monoid G is commutative and R is a commutative D-module
algebra, then the kernel Ker g of each g € G, considered as an endomorphism of
R, is a D-stable ideal of R. In particular, if R is a simple commutative D-module
algebra, then all g € G act as injective endomorphisms of R.

Proof. We note that for all g € G and >, d;#h; € D*#CG we have

(#9) O digths) = g(di)dtghs = > g(di)#thig = (O g(di)#hs) (1#g).
i=1 i=1 i=1 i=1

So for a € Kerg we have (1#¢)(>_1, di#thi)(a) = (O, g(d;)#hi)(1#g)(a) = 0,

and thus (3°1 , d;#h;)(a) € Ker(g). Therefore Ker(g) is a D-stable ideal of R. O

Proposition 1.34. Let R be a Noetherian simple commutative D-module alge-
bra. If furthermore each g € G acts as an injective endomorphism on R, then the
following are equivalent:

(1) R is total,

(2) R/P is a field for every P € Q(R),

(8) The Krull dimension of R is zero and

(4) R is Artinian as a ring.

In this case every R-module is projective.

Proof. Since R = [[peqp) /P by proposition 1.32 (3), R is total if and only if
R/P is total for every P € Q(R) and since R/P is an integral domain, this is the
case if and only if R/P is a field. The Krull dimension of R is zero if and only if
each P € Q(R) is a maximal ideal, i.e. if R/P is a field. Since R is Noetherian, it



22 FLORIAN HEIDERICH

is Artinian if and only if its Krull dimension is 0 (cf. [Bou85, Chapitre IV, §2.5,
Proposition 9]).

In this case R is semi-simple and so every R-module is projective (cf. [Bou85,
Chapitre I, §2.4]). O

If G is a group, then we recover the first part of [AMO05, Corollary 2.5] from
proposition 1.34.

2. GALOIS THEORY OF ARTINIAN SIMPLE MODULE ALGEBRAS

2.1. Notation. As in assumption 1.29, let C be a field, G be a monoid and let
CG be the C-bialgebra defined in example 1.8 (4). Let further D! be a pointed
irreducible cocommutative Hopf algebra of Birkhoff-Witt type over C such that D!
is a CG-module bialgebra. We define D := D'#CG and consider it as a C-bialgebra
as in lemma 1.30.

Remark 2.1. These conditions allow for example the choices Deyng, Daut or Dipn
for D (cf. example 1.8). The pointed irreducible cocommutative Hopf algebra D e
is of Birkhoff- Witt type if Q C C. Another example is provided by the Hopf algebra
constructed by Masuoka in [Masl0], describing iterative q-difference operators as
introduced by Hardouin in [Har10].

Let L|K be an extension of Artinian simple commutative D-module algebras
such that the elements g € G C D act as injective endomorphisms on L. By
proposition 1.34, L and K have Krull dimension 0, are total and the monoid G acts
transitively on Q(L) and Q(K) (cf. proposition 1.32 (2)). If @ € Q(L) and P €
Q(K), then we denote by Gg and Gp the stabilizers in G of  and P, respectively.
It follows (L) = G/Gq, U(K) = G/Gp and by proposition 1.32 (3) we have

K= [ E/P and L= ][] L/Q.
PeQ(P) QeQ(L)
We assume that for every Q € Q(L) the field extension L/Q over K/(K N Q) is
separable and finitely generated and that its degree of transcendence is the same for
every @, say n. Let u® = (ulQ, . ,u;?) be a separating transcendence basis of it and
let Oy0: L/Q — L/Q[w] be the associated n-variate iterative derivation of L/Q
over K/(QNK) defined by 0,0 (u?) = u@4w; foralli = 1,...,n (cf. example 1.16).
By corollary 1.13, there exists a unique n-variate iterative derivation

(2.1) 0y: L — L]w]

on the product L = HQEQ(L) L/Q over K such that the projections to all factors
L/Q are iterative differential homomorphisms. We extend 6,, to ¢cM(D, L) as in
(1.4) and by abuse of notation we denote this n-variate iterative derivation again
by 6,,. By [Gro64, Chapitre 0, 21.7.4], L/Q is formally étale over (K/(QNK))(u®)
for all Q € Q(L). We define u; = (u®)gear) € L for all i € {1,...,n} and
u = (u1,...,u,). Then L is formally étale over [Jocqp)(K/(QN K))(u®). We
denote the latter by K(u).

Remark 2.2. Our conditions allow it to consider the theories in [Ume96] and
[Mor09] as special cases:
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(1) In [Ume96], Umemura starts with an extension of differential fields of char-
acteristic zero that is finitely generated as extension of fields. This situation
is recovered by setting D' :== Dger and G = {1}.

(2) In [Mor09], Morikawa starts with an extension of difference fields L|K of
characteristic zero that is finitely generated as extension of fields. This
situation is recovered by setting D' = C and G = (N,+), such that D =
Dend-

In both cases all of our further conditions are automatically fulfilled.

But our conditions also allow to consider finite direct products of fields equipped
with an injective endomorphism, as they appear in the study of (linear) difference
equations, cf. for example [vdPS97]. The factors in this direct product correspond
to the minimal prime ideals of the ring.

2.2. The Galois hull £L|K of an extension L|K of Artinian simple D-module
algebras.

Lemma 2.3. If u® = (u?,...,ug) and v9 = (v?, .., v9) are separating tran-
scendence bases of L/Q over K/(Q N K) for all Q@ € Q(L) and 0, and 0, are
the associated n-variate iterative derivations on L over K as defined in (2.1), then
there exists an automorphism ¢ of the L-algebra L]w] such that 6, = @00, and the
iterative differential subalgebras of cM(D, L) generated by p(L) and po(L), once
with respect to 0, once with respect to 0., are equal, i.e.

po(L){p(L)}e, = po(L){p(L)}e,-

Proof. We first show that for each @ € Q(L) there exists an automorphism ¢q of the
L/Q-algebra (L/Q)[w] such that 6,0 = g 00,e. In fact, the set of formal power
series (Oya (v?) —v®);—1. ., has an invertible Jacobian matrix (93‘{;)(1}?))%:1 and
by the formal inverse function theorem (cf. for example [Haz78, A.4]) there exists a

continuous homomorphism of L/Q-algebras ¢g: (L/Q)[w] — (L/Q)[w] such that

0 (0ye (v?) - vZQ) =w; = bOy0 (v?) - viQ and thus also ¢g(0ye (vZQ)) =040 (le) for

all i =1,...,n, so that pg o 0,0 and O, coincide on K(v?, ., v9). Since L/Q
is a formally étale extension of (K/(Q N K))(v2,...,v%), they coincide on L/Q as
well (cf. [Mat89, Theorem 27.2] or [Heil0, Proposition 1.2.2]). The automorphisms
(vq)gea(r) induce an automorphism ¢ of the L-algebra L[w] such that 6, = pof,,.
The last claim is a direct consequence of this. O

We define

L= poD{p(L)}e,  and K= po(L)[p(K))

as the iterative differential subalgebras of (¢ M(D, L), 6,,) generated by po(L) and
p(L) and by po(L) and p(K), respectively. Both are D®¢ Dp»-module subalgebras
of (cM(D, L), pint®6,,) and by the previous lemma £ does not depend on the choice
of u.? We call the extension L|K the Galois hull of L|K.

Example 2.4. Let K be a field and L = K(y) be a purely transcendental extension
field of K. We define an iterative derivation 8, on L as the K -linear homomorphism

2Originally Umemura defined £ to be a field, but later the definition was changed. The
definition we give here coincides with the definition in [Mor09] when D = D,,4 and L and K are
fields.
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0,: L — L[t] fulfilling 6,(y) ==y +1t (cf. example 1.16). We chose {u = y} as
separating transcendence basis of L over K. Then L = L[K(y+t)] and K = L.

Example 2.5. Let K be a field containing Q and L = K(y) be a purely tran-
scendental extension field of K. We define an iterative derivation 6, on L as the
K-linear homomorphism 6: L — L[t] fulfilling 0(y) = yexp(t). We chose {u =y}
as separating transcendence basis of L over K. Then £ = L[K(yexp(t))] and
K=L.

2.3. The Umemura functor. For every commutative L-algebra A we consider
the tensor product

cM(D, L) @ Afw],
where the L-algebra structures on ¢ M (D, L) and on Afw] are given by pg: L —
cM(D, L) (cf. example 1.8 (7)) and by 6,: L — L]w] (cf. (2.1)), respectively.
This tensor product carries D and Dyp»-module algebra structures p and 8, induced
by
91:.
(22)  (eM(D,L). pints ) = (L. po, bu) — (A[w], po, bu)
using proposition 1.11. The corresponding homomorphism
cM(D, L) @1, AJw] = cM(D ®@¢ Dipn,cM(D, L) @1, AJw])

is continuous with respect to the (w)-adic topology on ¢ M (D, L) ®, AJw] and the
(w, T')-adic topology on

¢M(D, cM(D, L) ©1, ATw])[T] = cM(D ©c Dipn, cM(D, L) ©1, Awl).
Therefore, this D ®c Dip»-module algebra structure extends to the completion
cM(D,L)&1 Afw]

with respect to the (w)-adic topology by corollary 1.14. The algebras L& Afw]
and K&r AJw] are D ®@¢ Dipn-module subalgebras.

Definition 2.6. The Umemura functor of L|K is the functor
Ume(L|K): CAlg;, — Grp,

where for each commutative L-algebra A we define Ume(L|K)(A) to be the group
of automorphisms ¢ of the of D ®c Dipn-module algebra L& AJw] that leave
K&p AJw] fized and make the diagram

idﬁ ®7TA [[w]]
—_—

L& Alw] L&L(A/N(A))[w],

commutative. If \: A — B is a homomorphism of commutative L-algebras, we
define

Ume(L|K)(N\): Ume(L|K)(A) — Ume(L|K)(B)
by sending ¢ € Ume(L|K)(A) to ¢ afw] 1d B[w], where we consider Blw] as AJw]-
algebra via the homomorphism A[w]: AJw] — BJw].
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2.4. Lie-Ritt functors. Umemura defines Lie-Ritt functors in [Ume96]. Here we
use a slightly changed version of them.

Notation: In this subsection let L be an arbitrary commutative ring and A be a
commutative L-algebra.

The infinitesimal coordinate transformations of n variables over A
Lor(A) :={(¢1,---,n) € (AJw])" | p; =w; mod N(A)[w]Vie{l,...,n}},

where n € N and where we denote by w the tuple (ws, ..., w,), form a group with
multiplication given by composition, i.e. if ® = (¢1,...,¢n), ¥ € I,,L(A), then
O - U is defined as (¢1(P),...,pn(¥)) (cf. [Boudl, Chapitre IV, §4.3 and §4.7]).

We equip the ring AJw] with the n-variate iterative derivation 6 over A with
respect to w (cf. example 1.16) and we extend it to

A[w]{{Y'}} = Afwy, ..., w,J[V* i€ {1,...,n}, k € N"].

with elements (Yi(k))ie{l,__”n},keNn, algebraically independent over AJw], by

A (Yw)) = (Ft 1y
7 k 7

for all I € N”. We denote by AJw]{A[Y]}s the iterative differential subring of

A[w]{{Y }} generated by AJw,Y], where Y denotes the n-tuple (Yl(o), ce Y,§°)).

For F € AJw]{A[Y]}o and ® = (¢1,...,¢,) € Tur(A) we denote by Fly_g the

image of F under the homomorphism of AJw]-algebras AJw]{A[Y ]}y — AJw]

that sends Y;(k) to %) ;).

Definition 2.7. A Lie-Ritt functor over L is a group functor G on the cate-
gory of commutative L-algebras such that there exists an n € N and an ideal
I < LJw]{L[Y]}e such that G(A) = Z(I)(A) for every commutative L-algebra
A, where

Z(I)(A) ={®eT,L(A) | Fly—¢ =0 forall Fel}.

Remark 2.8. In [Ume96, Definition 1.8] Lie-Ritt functors over L are defined us-
ing ideals in L[w]{{Y }} instead of L[w]{L[Y]}¢. Since the term Fy_q is not
well defined for elements F' € L[w]{{Y }} in general, we use the above definition
instead.

Example 2.9. We define a subgroup functor G4 of Iz as
G (A) = {ag +w | ag € N(4)}

for all commutative rings A. Let I be the ideal in Z[w]{Z[Y]}o generated by Y M) -1
and Y®) for all k > 2. Then Gy = Z(I), i.e. G is a Lie-Ritt functor over Z.
Furthermore, G is isomorphic to the additive formal group scheme Ga.

Proof. Let A be a commutative ring. An element p(w) = >Z,5q(a; + §i1)wt €
Tyz(A) lies in Z(I)(A) if and only if 1 = () () = >is1(ai+6;1)iw ™" and for all
k > 2 the equation 0 = %) (p) = .-, (1) (a; + 6;1)w'~" holds. This is the case if
and only if ar, = 0 for all k > 1, i.e. if p(w) = ag + w for some ay € N(A). O
Example 2.10. We define a subgroup functor G, of Iz as

Gu(A) = {(1+ar)w | ar € N(A)}
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for all commutative rings A. Then G is a Lie-Ritt functor over Z and G, = Z(I),
where I = ({wY M — YV, Y®) | k > 2}). Furthermore, G, is isomorphic to the
multiplicative formal group scheme G, .

Proof. An element (w) = 37,5 o(a; + 0i1)w’ € Tiz(A) lies in Z(I)(A) if and only
if w 2121 i(ai +5i,1)wi’1 e Zizo(ai +6i,1)wi and e(k)(ZiZO(ai +57;71)’wi) =0 hold
for all £ > 2. This is the case if and only if ag = 0 and a; = 0 for all k > 2, i.e. if
p(w) € G (A). O

Example 2.11. Let L be a field and 0 # y € L. We define a subgroup functor G.
of I, as

G.(A) = {ya1 + (1 +a))w | ap € N(A)}

for all commutative L-algebras A. Then G, is a Lie-Ritt functor over L and Gy =
Z(I), where I = ({(y +w)Y D —Y — ¢y, V) | k > 2}).

Furthermore, Gy is isomorphic to the Lie-Ritt functor G, in example 2.10 and
thus also to the multiplicative formal group scheme G, .

Proof. An element ¢(w) = >_,5,(a;+8;1)w’ € Ty (A) lies in Z(I)(A) if and only if
(y+w) Yisq i@t )w ™ =3, (a8 )w'—y = 0 and 08 (32 (ai+6;1)w') =
0 hold for all k¥ > 2. This is the case if and only if ayg = ya; and a; = 0 for all
k> 2, ie. if o(w) € G.(A).

An isomorphism G, — G, is given by sending (14 a1)w € G.(A) to yar +
(14 a1)w € G,(A), which is multiplicative since if (1 + by )w is another element of
G.(A), then the product of (14 a;)w and (1+b1)w in G4(A) is (1+a1)(1+b1)w =
(14+a1+b1+a1b1)w, which has as image in é*(A) the element y(ay+b1+a1b1)+(1+
a1+b1+a1by)w. At the other hand, the product of ya; +(14a1)w and yby +(14b1 )w

in G*(A) is ya1+(14a1)(yb1+(14+b1)w) = y(a1+b1+a1b1)+(1+a;+b1+a1b1)w. O

The analogues of example 2.9 and 2.10 in the setting of Umemura appeared in
[Ume96, Example 1.9(i) and (ii)]. Since he assumes Q C L, it is sufficient for him
to use the equation YV —1 and wY (") —Y as generators of I in the first and second
example, respectively. In the general case we have to add the equations Y *) for
k> 2.

Proposition 2.12. FEvery Lie-Ritt functor over L is isomorphic to a formal group
scheme over L.

Proof. Let A be a commutative L-algebra. Then for every n € N we have an
isomorphism

~{1,...,n}xN"
FnL(A) — Ai }X (A), ( Z(ai,k +5k,5i)wk> '_>(ai!k)(i,k)E{l,...,n}XN" 5
keNn i=1

ooy TV

which is natural in A. It gives rise to an isomorphism from I,; to the formal

There exist formal power series (fi,l)ie{l,.“,n},leN" in variables wu; g, v;r with
j € {l,...,n} and k € N” coefficients in Z and constant terms equal to zero
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defined by

_
Jia (W ke, Vik) (k) eqL,..on} xhin ) = Z Vik Z H H Upl,.,

BEN? U 1,ly gy oeoln, 1ol gy €N p=1v=1

k
=1 S b=t

such that for all elements ¥ = (¢1,...,%,) and ® = (¢1,...,¢n) of T,,r(A) with
Y = ZkeN" ai,k'wk and ¢; = ZkeN" bl,"kwk forallie {1,...,n} we have

$i(®) = > fia(@e b k) Gy (1} i S0
leNn
The formal power series f; ; have the monomials have finite support condition (cf.
[Haz79, Definition 7.2]) and since the multiplication in I, (A) is associative and
unital, with unit the tuple (ws,...,w,), we see that f;; give rise to an (infinite
dimensional) formal group law in the sense of Hazewinkel (cf. [Haz79, Definition
7.5]). They also give rise to a morphism

LonkxNT O R{1,npxNT {1} xN"
A} X A} — A}

XN such that

becomes a formal group scheme over L, which is isomorphic to the
group functor I}, .

Let G be an arbitrary Lie-Ritt functor over L and let I S LJw]{L[Y]}¢ be such
that G = Z(I). Let ® = (¢1,...,¢n) € Thr(A) and ¢; = > cyn a; pwk for all
i € {1,...,n}. For h € I the condition h(®) = 0 is equivalent to a system of

polynomial equations (hy)xea, among the coefficients a; . Thus, G is isomorphic
.,n}xN"

of formal schemes over L, which defines a group law on Zk{Ll
AL} <"
L

to the closed formal subgroup scheme of 1&{; defined by the polynomials
hy for all h € I and X € Ay,. O

2.5. The Umemura functor as a Lie-Ritt functor. Notation: In this subsec-
tion we assume that L|K is as in subsection 2.1.

Lemma 2.13. For any commutative L-algebra A there exists an injective homo-
morphism of D ®¢c Dypn-module algebras

(2.3) paw: cM(D, L)@ AJw] — cM(D, AJw])
Y fi®aw' = > 0u(fi) - polasw?),
ieNn i€Nn
where we consider ¢cM(D, A[w]) as D-module algebra via V;ny and as Dipn-

module algebra with the Dipn-module algebra structure induced by 0, on Afw]
to cM(D, Afw]) via lemma 1.9 (3).

Proof. The composition of homomorphisms of D ®c Dypr-module algebras
cM(D, L)@ Alw] 22 cM(D, L[w]) @ e M(D, Afw]) ™ cM(D, Afw]),

is injective by lemma 1.28. We extend this homomorphism to the completion
cM(D, L)@y AJw]. This extension is again injective, since the inverse image of
cM(D, (w*)) is cM(D, L) ® (w*) and their intersection over all k € N is (0). O

The following theorem generalizes [Ume96, Lemma 5.9] and [Mor09, Theorem
2.22].
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Theorem 2.14. The functor Ume(L|K) is a Lie-Ritt functor over L.
Proof. For a commutative L-algebra A we consider the map

(2.4) Ume(L|K)(A) — T, (A)

. Y (6V1D OlA O SD(P(UZ) ® 1) - Ui)i:l,...,rr

Let ¢ € Ume(L|K)(A) and define
® = (1, on) = (evip optaw 0 P(p(ui) ® 1) = wi)i=1,....n-
Then we have
evi, oAy °@(p(u;) ®1) —u; =w; mod N(A)[w],
so that (2.4) is well defined. We define
F: L — Aflw], aw evi, o6y 0p(a),

where ¢6,,: L — AJw] is the composition of 6,, with the endomorphism of AJw]
sending w; to ¢; for all ¢ € {1,...,n}, and

G: L — Afw], a— evi,opuanop(pla)®1).
Trivially F' and G coincide on K and for all i = 1,...,n we have
F(u;) =evi,000y 0 p(u;) =u; + @; = u; +evi,opag o e(p(u) ®1) —u; = Guy).

Since L is formally étale over K(us,...,uy), F and G coincide also on L. Since
P, haw and o8, are homomorphisms of D-module algebras, it follows that for
alla e L

(1au o p(p(a) ®1))(d) = (d-(pau o p(pla) ®1)))(1p)
u ((da)®1))(1p)
u(p( a)))(1p

a))))(1 )

ie. pawop(pla)®1l) = abu(p(a)). Using that for all a € L

w ( S 0P (p(a) @ (@ — w>’“> — 48u(p(a))

keNn
and the injectivity of p4 ., this implies
(2.5) plpla)@1) =Y 00 (p(a)) @ (P —w)*.
keN’Vl

Next, we show that the natural transformation induced by (2.4) respects the
group structures. To this end, let ) € Ume(L|K)(A) and let ¥ be the image of it
under (2.4). By equation (2.5) we obtain, using the abbreviations ® = & — w and
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V' =V — w, that for all a € L

po(pla)@1)= ¢ ( Y 0P (pla)) ® (¥~ w)'“)

keN™

=> " o® (Z 0 (p(a)) ® <I>”> (1eu")

keN™ LeNn

= Z <<k1 l‘i‘ l>ggc1+l)(p(a)) ® gg’cz)(q)/l)) (1 \I}’k1+k2)
k1,k2,leN™

= Z (T)Hq&m)(p(a)) ®9$2)(Q)/l)\lﬂm—l+k2)

m,ka,lEN?

_ (m) a m rm—l / l
mz 6™ (p(a)) @ ( ; >\1; (@°(¥))

= 3 () @ (B(F) — )™
meN™

It follows that the image of @ 09 in T, (A4) is ®(T).

It remains to show that the image of the natural transformation induced by
(2.4) is of the form Z(I) for some ideal I of L[w]{L[Y]}s. For all m € N,
elements ai,...,a,, € L, iterative differential polynomials F(X,,,...,X,, ) €
K{Xay,---sXa,, }D;pn With coefficients in K and in iterative differential variables
Xays oo, X, fulfilling F'(p(a1), ..., p(am)) = 0 (with respect to the iterative deriva-
tion 6,,) and for all d € D we define

Fyi=F"(y0u(p(a1)),- ... y0u(p(am)))(d)

as an element of L[w]{L[Y]}s, where Y is considered as an n-tuple of iterative

differential variables and F% denotes the differential polynomial in X, ,..., X,
obtained from F' by applying 6, to its coefficients. Let I be the ideal generated by
all such F,;. Then the image of (2.4) is equal to Z(I). O

Corollary 2.15. The functor Ume(L|K) is a formal group scheme over L.

Proof. This follows from theorem 2.14 and proposition 2.12. (]

Example 2.16. In the situation of example 2.4 the Umemura functor Ume(L|K)
is isomorphic to the functor G4 (cf. example 2.9) and thus to the additive formal
group scheme G,.

Proof. Let A be a commutative L-algebra. Then every ¢ € Ume(L|K)(A) is deter-
mined by ¢(p(y) ® 1). The relation 9381)(p(y)) = 1 implies

(2.6) 0 (p(p(y) @ 1)) =1,

where 6 denotes the iterative derivation on L& AJw] induced by 6, (= 6,) on L
and 0, on Afw]. Since for all k > 2 we have Hl(lk)(p(y)) =0, it follows

(2.7) 0% (p(p(y) ®1)) = 0.
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By theorem 2.14, there exists a ® € Ty (A) such that p(p(y)®1) = >, 975@ (p(y)®
(® — w)*, cf. equation (2.5). In our situation this becomes

plp(y) @1)=> 0 (p(y) @ (2 —w)* =p(y) @1+ 1@ (- w).
kEN

Therefore, if we write ® = 3", a;w’, then

epy) @) =(y+t)@1+1® (Zaiwi —w).
ieN
From (2.6) and (2.7) we obtain Y-, agw'™" = 1 and )7, a0 (w') = 0, which
implies a1=1 and a; = 0 for all k¥ > 2. Hence ¢(p(y) ® 1) = p(y) ® 1 + 1 ® ag
and ® = ag + w with ag € N(A). The elements ® € I (A) of this form are the

elements of G4 (A). Conversely, the automorphisms ¢ of the form ¢(p(y) ® 1) =
p(y) ® 14+ 1® ag belong to Ume(L|K)(A). O

Example 2.17. In the situation of example 2.5 the Umemura functor Ume(L|K)
is isomorphic to the functor G, (cf. example 2.11) and thus to the multiplicative
formal group scheme G, .

Proof. Let A be a commutative L-algebra. Then every ¢ € Ume(L|K)(A) is de-
termined by ¢(p(y) ® 1). The relations p(y) = y@él)(p(y)) and HZ(Jk)(p(y)) =0
imply
plp(y) @ 1) = (y@ 1) (p(p(y) ®1)) and 6V (p(p(y) ©1)) =0
for all k£ > 2. By theorem 2.14 there exists a ® € I'j(A) such that
elpy) @1) =Y 0 (p(y)) @ (2 —w)*,
keN

cf. equation (2.5), which becomes

plpy) @ 1) =p(y) @1+ p(y)/y @ (® —w)

here. It follows

p(y) @1+ p(y)/y® (®—w) =y )M (p(y) @ 1+ p(y)/y @ (@ —w)))
=p(y)®1+py) @ OV (@) — 1))

and therefore

O = (y+w)oM(0) —y.

3. PICARD-VESSIOT EXTENSIONS OF ARTINIAN SIMPLE MODULE ALGEBRAS

Amano and Masuoka unified the Picard-Vessiot theories of differential equations
and difference equations using Artinian simple D-module algebras (cf. [AMO05]),
where D is a bialgebra over a field C. They restrict themselves to the case where
the bialgebra D is a pointed cocommutative Hopf algebra such that its irreducible
component of 1 is of Birkhoff-Witt type. This excludes bialgebras such as Depq (cf.
example 1.8 (3)). Here we sketch how their definitions and some of their results
can be generalized to include this case as well.
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Notation: Let C be a field, G be a monoid and D' be a pointed irreducible cocom-
mutative Hopf algebra of Birkhoff-Witt type over C such that D' is a CG-module
bialgebra. We define D :== D'#CG and consider it as a bialgebra as in lemma 1.30.

Definition 3.1. An extension of Artinian simple commutative D-module algebras
(L, pp) (K, px) is Picard-Vessiot if the following hold:

(1) The elements g € G operate as injective endomorphisms on L.

(2) The constants L°- of L coincide with the constants KP¥ of K.

(8) There exists an intermediate D-module algebra (R, pr) of K C L such that
the total ring of fractions Q(R) of R is equal to L and such that the Krx -
subalgebra

H = (R®k R)Pr®rr
of Rk R generates R @k R as left R-algebra, i.e.

R-H=R®kR.

The Picard-Vessiot extension L|K is called finitely generated if it is finitely gener-
ated as extension of Artinian simple D-module algebras.

Proposition 3.2. Let L|K be a Picard-Vessiot extension of Artinian simple com-
mutative D-module algebras with constants k = LP and (R,pr) and H be as in
definition 3.1. Then the following hold:

(1) The homomorphism
(3.1) p:R®rH—- R R, a®h—(a®1)-h

is an isomorphism of D-module algebras, where R ®y H carries the D-
module algebra structure induced by pr on R and py on H and Rk R the
one induced by pr on both factors.

(2) The k-algebra H carries a Hopf algebra structure induced by the R-coalgebra
structure on R Qg R, given by the counit

e:Rk R— R, a®br— ab
and the comultiplication
A: Rk R— (R®x R)®r (R®k R), a®b— (a®1)® (1®VD).
The antipode S of H is induced by the homomorphism
T:RIk R Rk R, a®®b—bX®a.

(8) The intermediate D-module algebra (R, pr) satisfying condition (3) in def-
mition 3.1 1s unique.

Proof. This can be proven essentially as [AMO05, Proposition 3.4], only the proof of
(3) needing a slight adaption:

If Ry and R, satisfy condition (3) in definition 3.1, then R; Ry satisfies it too.
Therefore we can assume that Ry is included in Ry. We denote by H; and Hs the
constants of the D-module algebras R1 ® x R1 and Ry ® ¢ Ro, where the D-module
algebra structures are induced by pr, and pr, on both factors, respectively. Then
H, is a Hopf subalgebra of Hy and thus Hj is faithfully flat over Hy by [Wat79,
Chapter 14]. Therefore L ®y, Hj is faithfully flat over L ®y H;. By proposition 1.34,
the K-module L is projective and so in particular flat. By [Bou85, Chapitre 1, §3.5,
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Proposition 9], L is also faithfully flat over K and therefore L @ x Ry is faithfully
flat over Ry (cf. [Bou85, Chapitre 1, §3.3, Proposition 5]). Since by the above
L ®k Ry & L ®; Hy is faithfully flat over L @ xk Ry = L ®; Hy, L @k Ro is also
faithfully flat over Ry (cf. [Bou85, Chapitre I, §3.4, Proposition 7]) and hence Ry
is faithfully flat over Ry. Thus for each r; € Ry we have riR; = riRs N Ry. For
any ro € Ry there exists a non-zero divisor r;1 € R; such that r17e € Ry, since
Ry C L = Q(Ry), and so rirg € r1Ry N Ry = r1Ry. Therefore 7o € Ry, i.e.
Ry = R;. O

Definition 3.3. If L|K is a Picard-Vessiot extension of Artinian simple commu-
tative D-module algebras, then R and H in definition 3.1 are called the principal
D-module algebra® and the Hopf algebra of L|K, respectively. If we want to indi-
cate R and H, we denote the Picard-Vessiot extension LK also by (L|K, R, H).

Definition 3.4. If (L|K, R, H) is a Picard-Vessiot extension of Artinian simple
commutative D-module algebras, then we define the Galois group scheme Gal(L|K)
of L|K to be the affine group scheme Spec H over L*.

Proposition 3.5. Let (L|K, R, H) be a Picard-Vessiot extension of Artinian simple
commutative D-module algebras with constants k := L”. Then for any commutative
k-algebra A the A-points of Gal(L|K) = Spec H are isomorphic to the group of
automorphisms of the D-module algebra (R ®x A, p ® po) that leave K ®y A fized.

Proof. This can be proven as [Ama05, Theorem 3.6.1]. O

Proposition 3.6. Let (L|K, R, H) be a Picard-Vessiot extension of Artinian simple
commutative D-module algebras.

(1) Then R is a simple D-module algebra.
(2) The ring R is isomorphic to [[peq(r) /(PN R).

Proof. (1) This can be proven as [AMO05, Corollary 3.12] (cf. also [Ama05,
Proposition 3.5.9]). In its proof [AMO05, Proposition 3.10 (i)] is used, which
also holds in our generalized setting.

(2) The ring L is a localization of R and thus Q(L) — Q(R),P— PN R is an
injection. We obtain an injective homomorphism

(3.2) R— [[ R/(PNR).
PeQ(L)
If for minimal prime ideals P,Q € Q(L), the ideal J := (PN R) + (QN R)
would be strictly smaller than R, then as in the proof of 1.32 (1), using that
R is simple as a D-module algebra, one can show that J = PNR=QNR,

i.e. that P = @. Therefore (3.2) is an isomorphism.
(I

Proposition 3.7. Let (L|K, R, H) be a Picard-Vessiot extension of Artinian simple
commutative D-module algebras. Let further Q(K) = {P1,...,Pn} and for all
ie{l,...,m} let Qi1,...,Qir, be the minimal prime ideals of L lying over P;.
We define L =[[;L, L/Qij, Ri =2, R/(Qi;NR), K; = K/P;, L; j = L/Q;;
and R; j == R/(Q:;NR) forallj € {1,...,7;}. We denote by k the field of constants

3In Picard-Vessiot theory of differential and difference equations, this algebra is usually called
Picard- Vessiot ring.
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of L. Then (L;|K;, R;, H) is a Picard-Vessiot extension of Artinian simple D(G p,)-
module algebras for alli € {1,...,m}.

Proof. For each ¢ € {1,...,m} we denote by m;: R — R; the canonical homomor-
phism. Since L has Krull dimension 0, we see that Q;;, + Q:j, = L and thus
(Qijy NR)+ (Qij, NR) = R for all j; # jo € {1,...,7;}. Hence 7, is surjective.
If we denote by p; the homomorphism R; @ H — R; ®k, R;,r;i @ h — (r; ® 1)h,
then the diagram

ReorH— sRox R

lﬂi ®id lﬂ'i Rm;

R; & H— R, @k, R;

commutes and since p is an isomorphism, u; is an isomorphism too. We note that
also L7297 = 1P = kP = k") Finally, also Q(R;) = L;, since if S is the set

of non-zero divisors of R, then (S™'R)/S~1(Q;; N R) = S~ (R/(Q;; N R)), where
S is the image of S under R — R/(Q;; N R). We note that S~ (Q;; N R) = Qi ;
and that S is the set of non-zero divisors of R; ;. Therefore Q(R; ;) = L; ; and thus

Q(R;) = L;. |

Proposition 3.8. Let (L|K, R, H) be a Picard-Vessiot extension of Artinian simple
commutative D-module algebras such that R is a finitely generated K-algebra and
H is a finitely generated k-algebra. Then with the notation of proposition 3.7 we
have:

(1) The following conditions are equivalent:
(a) R is smooth over K,
(b) R; is smooth over K; for alli € {1,...,m},
(¢) H is smooth over k and
(d) Gal(L|K) is smooth over k.
(2) The following conditions are also equivalent:
(e) L; is separable over K; for alli € {1,...,m},
(f) R; is separable over K; for alli € {1,...,m} and
(9) k @y H is reduced.
(3) The equivalent conditions in (1) imply those of (2). If k is perfect, then the
converse holds and these conditions are further equivalent to the following:
(h) H is reduced and
(i) R®K R is reduced.

Proof. We first prove (d) < (¢) < (a) & (b) = (e) & (f) & (g):

The equivalence of (¢) and (d) is clear.

By [Gro67, Chapitre IV, 17.7.3 (ii)], R ®x R is smooth over R if and only if R
is smooth over K. In the same way H is smooth over k if and only if R ®; H is
smooth over R. Since R ®x R = R ®; H, we conclude that R is smooth over K if
and only if H is smooth over k.

Since smoothness is a local property (cf. [Gro67, Chapitre IV, 17.3.2 (iii)]) and
since R = [[I, R; and K = [[I", K;, R is smooth over K if and only if R; is
smooth over K; for all 7 € {1,...,m}.

If R; is smooth over K, then L; is formally smooth over K;, since as a localization
L; is formally étale over R;. By [Gro67, Chapitre IV, 17.1.6] we see that L; is
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formally smooth over K; if and only if L;; is formally smooth over K; for all
j € {1,...,r;}. By the theorem of Cohen (cf. [Gro64, Chapitre 0, 19.6.1]) L; ;
is formally smooth over K; if and only if it is separable over K;. The product
L, = H;:1 L; ; is separable over K; if and only if each L; ; is separable over K.
Thus L; is formally smooth over K; if and only if it is separable over K.

If L; is separable over K;, then obviously R; is also separable over K; and the
converse holds too (cf. [Bou81, Chapitre V, §15.2, Proposition 4]).

By proposition 3.7, (L;| K;, R;, H) is a Picard-Vessiot extension of D(G p,)-module
algebras for all ¢ € {1,...,m}. Therefore we have an isomorphism

R; @k, Ri = R; @ H.

Let m; b_e a maximal ideal of R;. Then R;/m; can be embedded into an algebraic
closure K; of K; by Hilbert’s Nullstellensatz. We extend the induced isomorphism

Ri/mi XK, R; = RZ/I‘(M ®i H.

to an isomorphism
K; @K, Ri = K; @y, H.

Since R; is separable over K; if and only if K; ®, R; is reduced, and since K; @, H
is reduced if and only if k ®; H is reduced, the equivalence of (f) and (g) follows.

We now prove that (¢) < (g) & (h) < (i) if k is perfect:

Since k is perfect, the affine group scheme Gal(L|K) = Spec H is smooth over
k if and only if k ®; H is reduced (cf. [Wat79, 11.6]) if and only if H is reduced
(cf. [Bou81, Chapitre V, §15.2, Proposition 5]). Since R is reduced, H is reduced
if and only if R®, H = R®k R is reduced. O

4. COMPARISON WITH PICARD-VESSIOT THEORY

In this section we examine the Galois hull £|K defined above in the case where
(L|K, R, H) is a finitely generated Picard-Vessiot extension of Artinian simple com-
mutative D-module algebras such that R is smooth over K and compare the Ume-
mura functor Ume(L|K) with the Galois group scheme Gal(L|K) of L|K as defined
by Amano and Masuoka.

Notation: Let C be a field, G be a monoid and D' be a pointed irreducible cocom-
mutative Hopf algebra of Birkhoff-Witt type over C such that D' is a CG-module
bialgebra. We define D .= D'#CG. Let (L|K, R, H) be a Picard-Vessiot extension
of Artinian simple commutative D-module algebras such that R|K is smooth. We
further assume that there exists a matriv X € GL,(R) such that R = K[X, X 1]
and d(X)X ' € M, (K) for all d € D (if D is a Hopf algebra, then this is the case
by [AMO5, Theorem 4.6]). Let Q(K) = {Py,...,Pp} be the set of minimal prime
ideals of K and for each i € {1,...,m} let Q;1,...,Qir, be the minimal prime
ideals of L lying over P;. We define K; .= K/P;, L; j == L/Q; ;, L; = H;;l L/Qi;
and R; == H§;1 R/(Q:; N R). By proposition 3.8, L; is separable over K; for all
ie{l,...,m} and thus all L; j (j € {1,...,7;}) are separable over K;. We assume
that the transcendence degree of L;; over K; is the same for all i € {1,...,m}
and all j € {1,...,7;}, say n. Let u(») = (ugm), - ,uﬁf’ﬂ)) be a separating tran-
scendence basis for the extension L; ; over K; and let 8, be the n-variate iterative
derivation (2.1) on L over K. We denote by U the D-module algebra structure on
L, by p the associated homomorphism of C-algebras and by k = L the field of
constants of L.
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Lemma 4.1. The subring of ¢ M(D, L) generated by po(L) and p(L) is closed
under the n-variate iterative derivation 0,, and po(L) and p(L) are linearly disjoint
over the field of constants k; i.e. with the notation of subsection 2.2 there is an
isomorphism

(4.1) L= po(L)[p(L)] = po(L) @k p(L)
of D-module algebras. Similarly, po(L)[p(R)] is closed under 0., and po(L) and p(R)
are linearly disjoint over k, i.e. there is an isomorphism of D-module algebras

(4.2) po(L)[p(R)] = po(L) @ p(R).

Proof. The element Z == p(X)po(X)~! lies in GL,,(cM(D, K)) and so
po(L)p(R)] = Klp(R)] = K[p(X), p(X) "] = K[Z, 2]

is closed under 6,,. Since p(L) = Q(p(R)), for every non-zero divisor a € R the
element 6,,(p(a)) is invertible in po(L)[p(L)][w] by [Swe69, Lemma 9.2.3]. Thus,
po(L)[p(L)] is also closed under 6,,.

It follows from lemma 1.27 that p(L) and po(L) are linearly disjoint over k and
thus that £ and po(L) ® p(L) are isomorphic as D-module algebras. Since p(R)
is a subalgebra of p(L), the algebras p(R) and po(L) are also linearly disjoint over
k and we obtain the isomorphism (4.2). O

Lemma 4.2. We assume that the field of constants k is perfect. Then there exists
a finite étale extension K’ of K, a matriz B € GL,(K') and a right RQy K'-linear
automorphism v of the D-module algebra (R Q@ R ®x K',p ® po ® po), defined by

(4.3) X@lel)=Xele)(1eX 'el)(1®1 B).

Proof. Let n: (R,pr) — (R ®x H,pr ® po) be the homomorphism of D-module
algebras defined by n(a) == p~1(1®a) for all a € R, where yu: R®p H - R®k R
is the isomorphism of D-module algebras (3.1). Then 7 fulfills

(4.4) nX)=Xo(1lel)(le (X el X)).

By proposition 3.7, L;|K; is a Picard-Vessiot extension for all ¢ € {1,...,m} and
by proposition 3.8, Gal(L;|K;) is smooth over k. Since the K;-algebra R; is finitely
generated, Spec R; has a point in the algebraic closure of K; by Hilbert’s Null-
stellensatz. Since Spec R; is a principal homogeneous space for the smooth affine
group scheme Gal(L;|K;), it has in fact a point in a finite separable field exten-
sion of K; (cf. [Wat79, 18.5]). Together they provide a point v: R — K’ of
Spec R = Spec[]*, R; in a finite étale extension K’ of K. We extend the compo-
sition

idr ®ridr @KV
—

R—" s R, H—— RO, R®K R RoyRox K’

right R ® K'-linearly to an endomorphism v of R ®; R ®x K’ and we define
B :=v(X). Then the defining identity (4.3) for v follows from equation (4.4) and
clearly v is a homomorphism of D-module algebras. The inverse of « is given by
the right R ® ¢ K’-linear extension of

idr ®r S

R—1 Rep H Y Roy H— R@p R@x R ~22 100

RerReK K’
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to an endomorphism of R ®; R @k K’, where S is the antipode of H.
O

Theorem 4.3. If the field of constants k is perfect, then there exists a finite étale
extension L' of L such that Ume(L|K) x L' is isomorphic to the formal group

scheme G@K)L, associated to the base extension Gal(L|K)r = Gal(L|K) xj L’
of the Galois group scheme Gal(L|K).

Proof. Let A be a commutative L-algebra. By remark 3.5, Gal(L|K)(A) is isomor-
phic to the group Autp(R®y A|K ® A) of automorphisms of the D-module algebra

R ®j; A that leave K ®j, A fixed. Thus Gal(L|K)(A) is isomorphic to the kernel
(4.5)  Ker (Autp(R®y A|K @k A) — Autp(R®, A/N(A)|K @ A/N(A))).

The isomorphisms (4.1) and (4.2) induce isomorphisms of algebras

(4.6) Lo Alw] = (L @ A)[w]
and
(4.7) po(L)[p(R)]|@rAlw] = (R @y, A)[w].

Using these isomorphisms it is easy to see that Ume(L|K)(A) is isomorphic to the
group of automorphisms of the D ®c Djpn-module algebra po(L)[p(R)|®AJw]
that leave K&y, Aw] fixed and are congruent to the identity modulo po(L)[p(R)]r N (A)[w].
We denote the latter by Ume(R|K)(A).

By lemma 4.2, there exists a finite étale extension K’ of K, a matrix B €
GL,(K') and a right R ® K'-linear automorphism ~ of the D-module algebra
(R R®K K',p ® po ® po) defined by

YVX®1el)=Xe1e)(1leX 'el)(1®1® B).

There exists a finite étale extension L’ of L containing K’ and « induces a left K-
linear and right L’-linear automorphism 7 of the D-module algebra (R® L', p® po)
defined by (X ® 1) := (X ® 1)(1 ® X ' B). The n-variate iterative derivation 6,,
extends uniquely from L to L’ (cf. [Mat89, Theorem 27.2] or [Heil0, Proposition
1.2.2]) and we denote it again by 6,. The ring R ®; L’ is generated by J(R ®j
1) and 1 ® L', which are linearly disjoint over k by lemma 1.27 (note that by
proposition 3.6, the D-module algebra R is simple); we have an isomorphism of
D-module algebras

(4.8) R L'=5(R®, 1)1 @ L'|2y(R® 1) @ L,

where the D-module algebra structure on (R ®x 1) Q L' is p Qk po Qk po. The
isomorphism (4.2) of D-module algebras extends L'-linearly to an isomorphism

(4.9) Ry L' 2222 p(R) @k po(L') —2— po(L')[p(R)),

where R®y L’ carries the D-module algebra structure p®y,pg and m is the restriction
of the multiplication homomorphism of po(L’)[p(R)]. The image of ¥(R®y, 1) under
this isomorphism in po(L')[p(R)] is p(K)[Z,Z 7] with Z = p(X)po(X) po(B)
and the image of 1 ®; L’ under it is po(L’). Thus, we obtain an isomorphism of
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D ®c Dipr-module algebras

_ o(p®po)® _ m
(4.10)  RopL ——A(R@R)RL " p(K)Z,Z @k po(L) 3 po(L)[p(R),
P ® po P ® po & po Pint @ Pint Pint
0 @ Ony (Bo®00) 20y O, 20y, Ou

where the isomorphism at the left is (4.8) and the D- and Djpn-module algebra
structures are indicated in the two rows below the isomorphisms (6y denotes the
trivial n-variate iterative derivation). For every commutative L’-algebra A, the
isomorphism (4.10) gives rise to an isomorphism of D ®¢ Dypn-module algebras

(4.11)
po(L)[p(R)]@ L Afw] = po(L)[p(R) @ Alw] = (R@y L)@ Alw] = (R@r A)[w],

where on (R ®j A)[w] the D-module algebra structure is given by p ®j po on the
coefficients with respect to w (as in (1.4)) and the Djpn-module algebra structure
is given by the n-variate iterative derivation 6,, (cf. 1.16).

Given a ¢ € Ume(R|K)(A), we obtain by composition with the vertical isomor-
phisms of D ®¢ Dyp»-module algebras, given by (4.11), in the diagram

po(L)[p(R)&rA[w] — po(L)[p(R))& 1 Alw]

P

(RepA)[w] ——————— (R A)[w],

an automorphism of the D ®¢c Dipr-module algebra (R ®; A)Jw], which is of
the form ofw], where o is an automorphism of the D-module algebra R ®j A of
constants of the iterative derivation 6,, on (R ®; A)[w]. Then o is an element of
the kernel (4.5) and this yields an isomorphism of groups between Ume(R|K)(A)
and (4.5). O

Corollary 4.4. Under the assumptions of theorem 4.3 there exists a finite étale
extension L' of L and an isomorphism

Ume(L|K)(L'[]/(e2)) = Lie(Gal(L|K)) & L.

Proof. This follows immediately from theorem 4.3 by taking A = L'[¢]/(£?). O

In the case where D = D.,4, the statement of corollary 4.4 is similar to the one
of [Mor09, Theorem 3.3] and to [Ume]. Taking D = Dge,, it provides a similar
result as [Ume96, Theorem 5.15] in the case of finitely generated Picard-Vessiot
extensions of differential fields in characteristic zero.

Example 4.5. Let L|K be the extension of example 2.4 (resp. example 2.5). It is
a Picard-Vessiot extension, in theorem 4.3 the extension L' can be chosen to be L
and for every commutative L-algebra A, the element ¢ € Ume(L|K)(A) given by
e(p(y)@1) = py)@1+1®aq for some ag € N(A) (resp. p(p(y)®1) = p(y)©(1+a1)
for some a1 € N(A)) corresponds under the isomorphism in theorem 4.3 to the
automorphism o € GﬁK)(A) that fulfills c(ly ® 1) = y® 1+ 1® ap (resp.
oly®1l)=y® (1 +a)).
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