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Exercise 1.
Let R, S and T be rings, (E;);c; be a family of (R, S)-bimodules and (F}),c; be a family of
(S, T)-bimodules.

(i) Show that there is a morphism of (R,T')-bimodules

fo(qIEyes ([ - ] & esE).

el jedJ (i,5)eIxJ
such that f((ei)ier © (fj)jes) = (€ ® f3)Gqer<s-
(ii) Show that there is an isomorphism of (R, T)-bimodules

9: P E)es @BF)—» P (B osk).

el jeJ (i,5)EIXJ

such that 9((22'61 €) ® (Zjej fi) = Z(i,j)e[xj(ei ® fi)-

(iii) Let k& be a commutative ring, F a k-module and F' a free k-module with basis (b;);c..
Show that E ®j, F is isomorphic to E() as k-module and that every element of £ ®; F
can be uniquely written as ZjEJ e; ®b;, where (e;);ey is a family of elements in F, only
finitely many of them not being equal to 0.

(iv) Let k be a commutative ring and let £ and F' be free k-modules with bases (a;);c; and
(bj)jes, respectively. Show that F ®; F is a free k-module with basis (a; ® b;) (i jyerxJ-

(v) (*) Show that the morphism f in ((i)|is in general neither injective nor surjective.

Exercise 2.

Let C =7 ® Z/AZ and D = 7. & 27,/AZ.

(i) Show that C'is a Z-coalgebra with respect to the comultiplication A and counit £ given
by the morphisms of Z-modules A: C' — C ®z C and ¢: C — Z defined by

A((1,0)) = (1,0) ® (1,0) A((0,1)) == (1,0) ® (0,1) + (0,1) ® (1,0)
e((1,0)) =1 £((0,1)) == 0.

(ii) Show that D becomes a Z-coalgebra with respect to comultiplication A; and counit &
given by the morphisms of Z-modules A;: D — D ®z D and e,: D — Z defined by

A1((1,0)) = (1,0) ® (1,0) A1((0,2)) == (1,0) ® (0,2) + (0,2) ® (1,0)
e1((1,0)) =1 £1((0,2)) = 0.

(iii) Show that D becomes a Z-coalgebra with respect to comultiplication Ay and counit eq
given by the morphisms of Z-modules Ay: D — D ®z D and €5: D — 7Z defined by

As((1,0)) == (1,0) ® (1,0) As((0,2)) == (1,0) ® (0,2) + (0,2) ® (0,2) + (0,2) ® (1,0)
=1 £9((0,2)) :== 0.

—



(iv) Show that the natural inclusion of D in C'is a morphism of Z-coalgebras from (D, Ay, e1)
to (C,A,¢e) and also from (D, Ay, e5) to (C, A, ¢).

(v) Show that (D, Ay, e1) and (D, Ag, e2) are not isomorphic as Z-coalgebras.
Exercise 3.
Let k be a field and M be a monoid.

(i) Show that the morphism

WMEME) Qi pM(EM, k) — G M(EM @ kM E), fRg— (c@d — fle)g(d)) (1)
is an isomorphism if and only if M is finite.
(ii) Show that there is an isomorphism of k-algebras
WM(EM, k) =2 kM,

where kM is the k-algebra of functions on M, kM is the grouplike coalgebra with basis
M and xM(kM, k) is the convolution algebra. (The algebra structure on yM(kM, k) is

given by
MEM,E) @ yMEM, E) Dy MM @4 kM, ) O Mk, )
as multiplication and
kS oMk, k) S e, k)

as unit.)
(iii) Let M be finite.

(a) Show that M (kM, k) becomes a k-coalgebra with comultiplication given by the
composition of
WMEM, k) 22 MM @y kM, E),
with the inverse of (1)) and with counit given by

WMEM, K D Mk k) S

(b) Show that ;M (kM, k) (with the coalgebra structure from is isomorphic to
kM as k-coalgebra.
(¢) Show that M is a group if and only if (M (kM, k) = kM is a k-Hopf algebra.

(d) Show that M is commutative if and only if £ is cocommutative.

Exercise 4.

Let k be a field and H and H’ be k-Hopf algebras with antipodes S and S’, respectively.
Then every morphism f: H — H' of k-bialgebras preserves the antipodes, i.e. we have

S'of=foS.

Exercise 5.

Let k be a commutative ring and (B, m,n, A, ) be a bialgebra. Show that an antipode for
B is unique if it exists.



