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Exercise 1.

Let k be a �eld.

(i) Show that if C is a k-coalgebra, then ˇC := kM(C, k) is a k-algebra.

(ii) Let C := k[x] = ⊕i∈Nkx
i be the free k-module with basis {1, x, x2, ...}, considered as

k-coalgebra with respect to the comultiplication ∆ induced by

∆(xn) =
n∑

k=0

(
n

k

)
xk ⊗ xn−k

and counit ε induced by
ε(xn) = δn,0.

Determine the k-algebra ˇC.

(iii) Show that if A is a �nite dimensional k-algebra, then ˇA := kM(A, k) is a k-coalgebra.

(iv) Let FAlgk be the category of �nite-dimensional k-algebras and FCoAlgk be the category
of �nite-dimensional k-coalgebras. Show that the functor from FCoAlgk to FAlgk that
sends a �nite-dimensional k-coalgebra (C,∆, ε) to the k-algebra ˇC := kM(C, k) (see
(i)) is an anti-equivalence of categories.

(v) Let C be a k-coalgebra. Show that a left (resp. right) C-comodule M is a left (resp.
right) ˇC-module. Show that the converse holds if C is �nite dimensional over k.

(vi) Let C be a k-coalgebra.

(a) Show thatMC is a full subcategory of ˇCM.

(b) Show thatMC is equivalent to ˇCM if C is of �nite dimension over k.

(c) Provide an example of a k-coalgebra C such thatMC and ˇCM are not equivalent.

Exercise 2.

Let (C,⊗, I,Ψ) be a rigid symmetric monoidal category. For an endomorphism f of an object
X of C, we de�ne the trace of f as the endomorphism of I that is given by

Tr(f) := εX ◦ΨX,ˇX ◦ (f ⊗ idˇX) ◦ ηX .

(i) Show that Tr(f ◦ g) = Tr(g ◦ f) for morphisms f : X → Y and g : Y → X in C.

(ii) Show that Tr(f1 ⊗ f2) = Tr(f1) ◦ Tr(f2) = Tr(f2) ◦ Tr(f1) for morphisms f1 : X1 → X1

and f2 : X2 → X2 in C.
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