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Abstract

Recently, Moosa and Scanlon introduced (iterative) Hasse-Schmidt systems D and, given such a Hasse-
Schmidt system, they defined (iterative) D-rings, generalizing rings with higher derivation as intro-
duced by Hasse and Schmidt in 1937. We show that there is a bijection between Hasse-Schmidt
systems D and cocommutative coalgebras D. For a given Hasse-Schmidt system D with associated
coalgebra D we show that D-rings are in bijection to algebras with a D-measuring on them. Under
these correspondences iterative Hasse-Schmidt systems D correspond to cocommutative bialgebras D
and iterative D-rings correspond to D-module algebras.
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1. Introduction

In commutative algebra and related areas, especially differential algebra and difference algebra,
rings are often equipped with extra structures such as derivations, higher derivations, endomorphisms
or automorphisms. Similarities are apparent between the theory of rings with derivations and rings with
endomorphisms, i.e. between differential rings and difference rings. There are at least two approaches
that unify these structures. The first is that of D-measurings, where D is a coalgebra, which probably
first appeared in the book [I] by Sweedler. Another approach was recently proposed by Moosa and
Scanlon in [2] and [3].

In this note we show that to each Hasse-Schmidt system D in the sense of Moosa and Scanlon there
is associated canonically a cocommutative coalgebra D. Then Hasse-Schmidt rings (D-rings) are in
bijection with algebras equipped with a D-measuring. If the Hasse-Schmidt system D is unital and
iterative, the associated coalgebra D carries a natural structure of a bialgebra. In this case there is a
1-1 correspondence between unital iterative D-rings and D-module algebras. Though we note that the
definition of Hasse-Schmidt systems due to Moosa and Scanlon differs slightly from ours. In contrast
to them, we do not require Hasse-Schmidt systems to be wnital. This definition seems to be more
natural due to the fact that a Hasse-Schmidt system D in our sense gives rise to a coalgebra D. If it is
in addition unital, then D is equipped with a “unit map”. Similarly an iterative structure on D yields
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a “multiplication map” on D. If finally D is unital iterative, then these maps turn D into a bialgebra.
Therefore the unital condition on D corresponds to a part of the algebra structure of D and is not
strictly necessary. We note that a similar discrepancy pre-existed already in the definition of higher
derivations: While a condition on the Oth higher derivation is made in [4], no such condition is present
in [1].

The structure of this note is as follows: In section [2| we recall the definitions of measuring and
of module algebras, while in section [3| we recall the basic definitions of (unital, iterative) Hasse-
Schmidt systems D and given such a system, of (unital, iterative) D-rings. In section 4| we construct
a cocommutative coalgebra associated to every Hasse-Schmidt system. A construction inverse to this
one is given in section [5| Given a Hasse-Schmidt system D with associated coalgebra D, we establish
in section[6]a 1-1 correspondence between D-rings and algebras with D-measuring. In the special case
of a unital iterative Hasse-Schmidt system D with associated bialgebra D this correspondence restricts
to one between unital iterative D-rings and D-module algebras. In section [7]it is explained that this
correspondence gives rise to an isomorphism between the category of commutative D-rings and the
category of commutative k-algebras with D-measuring. In the case of iterative unital Hasse-Schmidt
systems D with associated bialgebra D this isomorphism restricts to an isomorphism between the
full subcategories of unital iterative commutative D-rings and commutative D-module algebras. In
section [8| we give some examples illustrating our results.

This article originates in section 2.3.9 of the author’s doctoral thesis [5].

Notation: We assume all rings and algebras to be unital and associative, but not necessarily to be
commutative. Homomorphisms of algebras are assumed to respect the units. We further assume that
all coalgebras are counital and coassociative, but not necessarily to be cocommutative. Homomorphisms
of coalgebras are assumed to respect the counits. When we abbreviate an algebra (A,m,n) by A, then
multiplication and unit will also be denoted by m4 and 14, respectively. Similarly, when we abbreviate
a coalgebra (D, A e) by D, then comultiplication and counit will also be denoted by Ap and ep,
respectively. If D is a coalgebra and d € D, then we use the ¥-notation Ap(d) =34 da) @ d(2) (cf.
[1, Section 1.2] or [6, 1.4.2]).

We denote the category of algebras over a commutative ring R by Algr and the category of left
R-modules by pM.

If C is a category and A and B are objects in C, then we denote the class of morphisms from A to
B in C by C(A, B). We denote the opposite category of C by C°P.

The category of sets is denoted by Set. If A and B are sets and a € A, then we denote by
evy: Set(A, B) — B the evaluation map, i.e. evy(f) = f(a) for all f € Set(A, B). For elements
a,b € A we denote by 0, the Kronecker delta, i.e. 6qq =1 and 0, = 0 if a # b. We denote the
tensor algebra of a module M by T(M).

Let k be a commutative ring.

2. Module algebras

Given a k-coalgebra D, we recall the definition of D-measurings and of D-module algebras in the
case where D is a k-bialgebra.
We first recall that for k-modules A, B and D there is an isomorphism of left k-modules

WM(D @i A, B) = 2M(A, ,M(D, B)), U (a— (d— ¥(d® a))). (2.1)



Lemma 2.1. If (D,Ap,ep) is a k-coalgebra and (B,mp,ng) is a k-algebra, then the k-module
#M(D, B) becomes a k-algebra with respect to the convolution product, defined by

frg=mpo(f®g)oAp

for f,g € ptM(D, B), and unit element given by the composition
D%k % B.

Furthermore, D is cocommutative if and only if tM(D,B) is commutative for every commutative
k-algebra B.

Proof. See for example [7), 1.3]. O

Proposition 2.2. Let D be a k-coalgebra and let A and B be k-algebras. If ¥ is an element of
wPM(D @y A, B) and p € tM(A, 1M(D, B)) is the image of ¥ under the isomorphism , then the

following are equivalent:
(1) p is a homomorphism of k-algebras,
(2) for alld € D and all a,b € A
(a) U(d®ab) =34 Y(d1) ®a)¥(de) ®b)
(b) ¥(d®14) =ep(d)1p hold,
and

(3) the diagrams

idp @ ma

D®,A®, A

D®kA

kAD(gidA@idA
D@kA(X)kD@kAﬂ)B@kB,

D@y D @y Ay ARETEH

where 7: D ®, A — A®y D is defined by T(d®a) =a®d for alla € A and d € D, and

D®kk’%k’®k3

JidD ®na JN
DeyA—Y— B
commute.
Proof. The equivalence between and is clear and the one between and can be seen

by expanding the definition of p and of the condition that p be a homomorphism of k-algebras as is
worked out in detail in [T, Proposition 7.0.1]. O



Definition 2.3. Let D be a k-coalgebra and A and B be k-algebras. If ¥ € ( M(D ®y, A, B), then we
say that ¥ measures A to B if the equivalent conditions in proposition 2.9 are satisfied.

If A1, As, By and By are k-algebras, Vi: D®yi Ay — By measures Ay to By and ¥o: D®y Ay — Bo
measures Ag to Bs, then we say that homomorphisms pa: Ay — As and ¢p: By — Bo of k-algebras
are compatible with the D-measurings if the diagram

D&y A —2 B
lido ®pa J{‘PB
D&y Ay —24 By
commutes.

The following lemmata are clear from the definitions.

Lemma 2.4. Let D be a k-coalgebra and Ay, A2, By and Bs be k-algebras. If ¥1 € (M(D ®y A1, B1)
measures Ay to By and Uy € ;M(D ®y, Az, Ba) measures As to Ba and py and ps are the associated
homomorphisms of k-algebras, then homomorphisms of k-algebras pa: Ay — As and pp: By — Bs
are compatible with the D-measurings if and only if the diagram

A 25  M(D, By)

JS"A J/kM(D#PB)

A2 L k./\/l (D, Bg)
commutes.

Lemma 2.5. Let D be a k-bialgebra and A be a k-algebra. If U € (M(D Q) A, A) and p: A —
M(D, A) is the homomorphism associated to ¥ via (2.1), then ¥ makes A into a D-module if and
only if the diagrams

A - M(D, A)
Jp J/kM(Dyp)
WM(D, A) 22D (D @y D, A) = M(D, 2 M(D, A))
and
A—" 5 M(D,A)
ida J{ele
A
commute.

Definition 2.6. Let A be a k-algebra, D be a k-bialgebra and let ¥ € ;1 M(D @y A, A) measure A to
itself. We say that W is a (left) D-module algebra structure on A if ¥ makes A into a D-module (cf.
lemma(2.5). The pair (A, V) is then called (left) D-module algebra.



A commutative D-module algebra is a D-module algebra (A, V) such that the k-algebra A is com-
mutative.

A homomorphism of D-module algebras from (Ay, V1) to (As, Us) is a homomorphism of k-algebras
p: Ay — Ag that fulfills the equivalent conditions of lemma (with By = Ay and By = As).

Notation: If ¥: D®y A — B is a homomorphism of k-modules, then we denote by p: A — xM(D, B)
the homomorphism corresponding to U under the isomorphism (2.1) and vice versa. If d € D and
a € A, then we denote ¥(d ® a) also by d.a or d(a) if there is no danger of confusion.

3. Moosa and Scanlon’s D-rings

In this section we recall the definition of (unital, iterative) Hasse-Schmidt systems and, given such
a (unital, iterative) Hasse-Schmidt system D, of (unital, iterative) D-rings. These terms have been
introduced by Moosa and Scanlon in [2] and [3]. Our exposition differs slightly from the original
definition of Moosa and Scanlon in that we do not assume Hasse-Schmidt systems D and D-rings to
be unital in general.

Notation: We denote by S the standard ring scheme over k, i.e. the k-scheme S := Spec k[x] regarded
as a ring scheme by equipping for every commutative k-algebra A the set S(A) = A with the given ring
structure of A.

Definition 3.1 (|2, Definition 3.1] and [3, Definition 2.1]). A finite free commutative S-algebra scheme
is an affine commutative S-algebra scheme £ that is isomorphic to S' as S-module scheme for some
leN.

Remark 3.2. We note that a choice of an isomorphism & — S is part of the definition of Moosa and
Scanlon. This isomorphism is used in [2, Remark 3.2] to show that for every k-algebra R there is a
canonical isomorphism E(R) = R®y E(k). However, this isomorphism does in fact not depend on the
particular choice of an isomorphism € — St.

Definition 3.3 ([3, Definition 2.2]). A Hasse-Schmidt system over k is a projective system of finite
free commutativcﬂ S-algebra schemes

D= (Wm,n: Dm - Dn)m,neNmSm

such that the mp, ,, are surjective morphisms of S-algebra schemes. If in addition Dy = S holds, then
we say that D is a unital Hasse-Schmidt system.

Definition 3.4 ([3, Definition 2.4]). Let D be a Hasse-Schmidt system over k. Then a commutative
D-ring over k is a pair (R, (En)nen) consisting of a commutative k-algebra R and a family

(En: R— Dn(R))neN

21t seems that Moosa and Scanlon assume implicitly that the algebra schemes occurring in the definition of Hasse-
Schmidt systems are commutative, so we make this assumption here as well.



of k-algebra homomorphisms such that the diagram

D (R) — =D, (R)

BN

R

commutes for all n,m € N with m > n. If in addition D is a unital Hasse-Schmidt system, then we
say that a commutative D-ring (R, (E,)nen) s unital if Ey = id holds.

We recall that there is a finite free commutative S-algebra scheme Dy, ,,) defined by
D) (A) = Dy (D (A))
for all commutative k-algebras A (cf. [2, §4.2]).

Remark 3.5. There is a slight difference in terminology in comparison with the work of Moosa and
Scanlon. What is called a Hasse-Schmidt system (ring) in [3] is a unital Hasse-Schmidt system (ring)
m our notation.

Definition 3.6 ([3| Definition 2.17]). An iterative Hasse-Schmidt system is a Hasse-Schmidt system
D = (Dn)nen together with a family of closed immersions of S-algebra schemesﬂ

A= (A(m,n): Dm—i—n — D(m,n))n,mEN (31)
such that the diagrams
A(m,n)
Dytn —— D(m,n) (3.2)

ﬂnL«i»n,'m’«#n’l Jﬂ—(mx")x(m/yn/)
A 0l

Dm/+n’ — D(m’,n’)a

where the morphism 7y, n) (m/n) 5 defined on A-points as the composition

D (7, 0 (A)) T n,m! (Dpr (A))
D(m’n)(A) = Dm(Dn(A)> _—> Dm(Dn/ (A)) Do (Dn/(A)) = D(m/’n/)(A),
and
Angm,y(4)
Dn+m+l(A) Dn-i-m(Dl(A)) (3'3)
A(n,m%»l)(A)J lﬂm,m)(Dz(A))
Do (A(m,1y(4))
Dy (Dm+1(A)) ——————— Du(Dn(Di(A)))

3Moosa and Scanlon only require A(m,n) to be morphisms of ring schemes. It seems however natural to assume that
they are morphisms of S-algebra schemes and we need this in the proof of proposition



commute for all commutative k-algebras A and all m,m’,n,n',l € N with m’ <m and n’ < n.
A unital iterative Hasse-Schmidt system is a unital Hasse-Schmidt system that is iterative with
respect to a family of morphisms (3.1) such that

A(m,O) = A(O,m) = ld (34.)
holds for all m € N.

Definition 3.7 ([3| Definition 2.17]). If (D, A) is an iterative Hasse-Schmidt system, then a commu-
tative A-iterative D-ring is a commutative D-ring (R, (Epn)nen) such that the diagram

A(m,n) (R)

Ek A)

R
commutes for all m,n € N, where E, ny: R — Dp,(Dy(R)) is defined as the composition

Do (En)
S

RE™ D,.(R) Dy (Dn(R)).

A commutative unital A-iterative D-ring is a commutative unital D-ring (R, (E,)nen) that is iterative.

4. The coalgebra D associated to a Hasse-Schmidt system D

In this section we will construct for every Hasse-Schmidt system D a coalgebra D. If D is unital
or iterative, then D will have additional structures.

Proposition 4.1. Let D = (Dy)nen be a Hasse-Schmidt system over k.

(1) Then
D = lim D, (k)",
neN
where we denote by Dy, :== D, (k)* the dual ;1 M(Dy(k), k) of the k-module D, (k), becomes natu-

rally a cocommutative k-coalgebra. For every commutative k-algebra A there is an isomorphism
of k-algebras

kM(D, A) = 1im D, (A). (4.1)
neN

(2) If D is unital, then there is a canonically defined homomorphism of k-coalgebras
n: k— D. (4.2)
(3) If D is iterative with respect to
A = (Aim,n): Dmsn = Dimon))m,neN, (4.3)
then the morphisms induce a homomorphism of k-coalgebras
m: Dy D — D
that defines an associative multiplication on D and fulfills

m(Dy, ® Dyn) = Dy



(4) If D is a unital iterative Hasse-Schmidt system, then D becomes a k-bialgebra with unit n and
multiplication m.

Proof. We denote the transition maps of D by 7 n: Dy, — Dy, for all m,n € N with m > n. The
structure of a commutative k-algebra on the finitely generated free k-module D,, (k) induces a structure
of a cocommutative k-coalgebra on the dual D,,(k)* for all n € N and the homomorphisms of k-algebras
Tmon(k): D (k) — Dy (k) induce homomorphisms of k-coalgebras m,, ., (k)*: Dy (k)* — Dy, (k)* form-
ing a direct system in the category of k-coalgebras. The k-coalgebra structures on D, (k)*,n € N
induce a k-coalgebra structure on D = li%mnEN D, (k)*, which again is cocommutative. For every
commutative k-algebra A we have, recalling [2, Remark 3.2],

neN

neN
If D is unital, then the homomorphisms of k-algebras
Tno0(k): Dn(k) = Do(k) =k
give rise to homomorphisms of k-coalgebras k — D, (k)* and thus to n: k¥ — D,(k)* — D (this
composition does not depend on n € N). The compatibility of the comultiplication A with 7 follows
from the compatibility of m, o with the multiplication of D, (k) and Dy(k). The compatibility of the
counit & with 7 follows from the compatibility of 7, o(k) with the units of D,,(k) and Dy (k).

We assume now that D is iterative with respect to (4.3)). By [2, Remark 4.10], there is a canonical
isomorphism of k-algebras

Dy (k) =5 Do (k) @5 Do (). (4.4)

The homomorphisms of k-algebras

induce homomorphisms of k-coalgebras

A(m,ny (k)"
N :
AN

for all m,n € N. These give rise to a homomorphism of k-coalgebras
m: D®p D — D,

which makes the diagram

D®y D = D

I « Bimm (B) T

Dm(k)* Ok Dn(k) R ,Dm-f-n(k)*




commutative for all m,n € N. The property m(D,, ® D,,) = Dy, follows from the fact that Apmon)
is a closed immersion.

From the property in the definition of iterative Hasse-Schmidt systems we see, using implicitly
the isomorphisms , that the diagram

An,wL(k)®le(k)
-

Dy (k) @k D (k) @1, Dy (k) Dpym(k) @1 Di(k)

An«#m,l(k)]\
(k)

Dpym+i(k)

Dn(k)®kAm,l(k)I

An,m#»t

Dy (k) @k Dynya(k)

commutes for all n,m,l € N and thus dually the inner rectangle of

m QD

D ®r D®, D D ®r D
. . . Ao (k) @Dy (K)* ) /
Dy (k)* @k Dy (k)* @, Di(k)* —"——— Dy (k)* @k Dy(k)
D®m lpn(k)*@)AM,l(k)* JA'IL#»NL,I(k)* m
A gt (B) .
Dy (k)" @k Dinyi(k)” s Dygm+i(k)
D@y D i D

commutes too. Using the universal property of the direct limit

D@ D@y D= lim Dy (k)" @k D (k)" @ Di(k)*

n,m,lEN

we conclude that the outer rectangle also commutes, i.e. that m is associative. The compatibility
of the comultiplication A with m follows from the compatibility of A(,, ;) with the multiplication of
Dinyn and Dy, ). The compatibility of the counit € with m follows from the compatibility of A, ,,)
with the units of D, 4y, and Dy, ).

Finally, we assume that D is a unital iterative Hasse-Schmidt system. By the properties and

(3.4) the diagram

A0, my (k)=id
Dy (k)

ﬂn,O(k)®k”m,m(k)[ Tr(nwm)y(ﬂym)(k)/[ 7Tn+m/,m(k)[
A(n,m) (k)
<—

k Qp Dm(k) = D(Qm)(k})



commutes for all n,m € N. Therefore, dually the inner rectangles of

k ®y D = D

/

n®id lﬂ'n,o(k)*®kﬂ—m,m(k§)* J/ﬂ—(n,m,)‘(o,m)(k)* J{ﬂ-n-*—m,m(k)* id

~ An,m (k)*
Dy (k)* @5 Do (k) ———— Dy (k) — s Dy (k)"

*A(O,m,) (k) *=id
Rl

D®, D = D

commute and, again by the universal property of the direct limit, the outer rectangle commutes too.
This means that 7 is a left unit for the multiplication m. Similarly, one can show that 7 is a right
unit. 0

5. The Hasse-Schmidt system D associated to a cocommutative coalgebra D

In this section we conversely associate a Hasse-Schmidt system D to a cocommutative k-coalgebra
D. If D is moreover a k-bialgebra, then D will become a unital iterative Hasse-Schmidt system.

Proposition 5.1. Let D be a cocommutative k-coalgebra that is the direct limit of finite free k-
subcoalgebras (Dy,)nen with Dy, € Dyyq for allm € N,

(1) Then a Hasse-Schmidt system D = (Dy)nen is defined by finite free commutative S-algebra
schemes D,, that are defined by

Dy(A) = xpM(Dy,, A)
for all commutative k-algebras A.
(2) If additionally Dy = k, then D is unital.

(8) If there is an associative composition law on D given by a homomorphism m: D @, D — D
of k-coalgebras and if m(D,, ®k D) = Dytm, then D is iterative with respect to the family of
morphisms

A= (A(n,m): Drym — D(n,m))n,mGN

that are defined as the compositions

D7L+77L (A) = k:M(Dn-‘rma A) M

k:M(Dn ®k Dm7 A) l> kM(Dna kM(DTny A)) = DrL(Dm(A))
for all commutative k-algebras A.

(4) If D is a k-bialgebra with respect to the unit n: k i, Dy C D and multiplication m, then D is a
unital iterative Hasse-Schmidt system.

10



Proof. The functors D,, are finite free commutative S-algebra schemes, since the D,, are cocommutative
k-coalgebras that are finitely generated free as k-modules and since

Dy (A) = xM(Dyp, A) 22 Alg, (T(Dy), A).
Since D,, C D,, for all n < m, we obtain compatible surjections
Tm,n(A): D (A) — Dy (A).

Therefore D := (D, )nen is a Hasse-Schmidt system over k.

If Dy = k, then we obtain Dy = S.

If m: D® D — D is a homomorphism of k-coalgebras defining an associative composition law on
D such that m(D,, ® D,,) = Dy4m, then morphisms

A = (Atmm): Dngm = Dinym))n,men
are defined on A-points by the homomorphisms of A-algebras
Anm)(A): Do (A) = kM(Dpgms A) = $M(Din @k Dipy A) = xM(Dyy kM (Diny A)) = D (D (A))
that are induced by the restriction of the multiplication m: D,, ®x Dy, — Dy4p. We notice that

Dpim(A) = kM(Dpgm, A) = Algy,(T(Dpgm), A)
and
Din.m)(A) = Dn(Dm(A)) = xM(Dp; kM(Din, A)) = pM(Dr, @ D, A) = Algy,(T(Dp @1 Din), A)
Therefore the morphisms A, ) are induced by the homomorphisms
T(m): T(Dy, ®; Dm) = T(Dpim)

on the coordinate rings, which are surjective, since m: D,, ®; D), — D4y, is surjective. Therefore
the morphisms A, ) are closed immersions. The conditions (3.2) and are fulfilled since the
multiplication is compatible with the restriction and since it is associative.

If finally D is a k-bialgebra with Dy = n(k), then m restricts to the canonical isomorphisms
D,, ®, Dy = D,, @ k = D,,, and Dy ®, D,;, = k @4 D,y — D,,, since 1 is a left and right unit for
m, and therefore holds. O

Remark 5.2. The procedures in propositions[{.1] and[5.1] are inverse to each other.

6. D-rings and D-measurings

Remark 6.1. Let D = (D, )nen be a Hasse-Schmidt system over k. Then due to the universal property
of the inverse limit there is a bijection between the set of commutative D-rings and the set of pairs
(R, E) where R is a commutative k-algebra and E: R — hm Dn(R) is a k-algebra homomorphism.
If the Hasse-Schmidt system D is unital, then the homomorphism FE: R — m D,(R) renders the

- neN ™
composition
R %5 1im D, (R) = Do(R) = R
neN

into the identity if and only if the corresponding commutative D-ring is unital. By abuse of notation
we denote a commutative D-ring (R, (En)nen) also by (R, E).

11



Proposition 6.2. Let D be a Hasse-Schmidt system over k and D = @neNDn(k)* the associated
k-coalgebra (see proposition .

(1)

(2)

If (R, E) is a commutative D-ring over k, then to E there is associated canonically a D-measuring
p: R— xM(D,R) from R to itself and the diagram

fim, ., Do(F)

Ry

p

wM(D, R)

commutes, where the vertical arrow is the isomorphism (4.1)).

If D is unital and (R, E) is a unital commutative D-ring, then the composition
R M(D,R) 22 R (6.1)

is the identity on R, where 1p denotes the image of 1 € k under the homomorphism n (cf. (4.2))).

If D is an iterative Hasse-Schmidt system and (R, E) is an iterative commutative D-ring, then
the D-measuring p: R — xM(D, R) renders the diagram

p

R #M(D, R) (6.2)
JP }M(Dvp)
LM (m,R)
M(D, R) KM(D @y D, R) =  M(D, . M(D, R))

commutative, where m is the homomorphism constructed in proposition .

If finally D is a unital iterative Hasse-Schmidt system and (R, E) a commutative unital itera-
tive D-ring, then p is a D-module algebra structure, where D 1is the k-bialgebra constructed in

proposition .

Conversely, to every D-measuring p: R — xpM(D, R) from a commutative k-algebra R to itself
there is canonically associated a D-ring (R, E).

If Do = k and n: k — D is the inclusion of Dy = k into D and the composition (6.1)) is the
identity, where 1p :=n(1), then the D-ring (R, E) is unital.

If there is a homomorphism of k-coalgebras m: D ® D — D that defines an associative com-
position law on D and if p makes the diagram (6.2)) commutative, then the D-ring (R, E) is
iterative.

If D is a k-bialgebra and p is a D-module algebra structure on R, then the D-ring (R, E) is unital
iterative.

The constructions in and are inverse to each other.

12



Proof. Given a commutative D-ring (R, F), we define a D-measuring p: R — ;M(D, R) from R to
itself as the composition of the homomorphisms of k-algebras

(4.1)

RE lim Dy, (R) WM(D, R).

neN

If D is a unital Hasse-Schmidt system and (R, E) is a unital commutative D-ring, then by the
definition of the unit of D, for every m € N the diagram

p

/Dg\)

E . ~
R=—"—1lim _ Dy(R) ———  M(D,R)

(R) ——=—— yM(D,,(K)*, R) | sM(.R)

7Tm,O(R) k,M(Trm,O(k)*’R)

R id R

commutes.
If (D,A) is an iterative Hasse-Schmidt system and (R, F) is a commutative A-iterative D-ring,

then by the definition of m on D (cf. proposition 4.1(3)) the diagram

P
R 2 limDy(R) ————— ,M(D, R)
leN
id
R—  D.(R)
E lEner J/Dn(Em) gDZ(E) kM(DaE)
An,m)(R)
D7L+77L(R) — D(n,m) (R)
) / \ wM(D,p)

@Dk(R) l&n D(l,k) (R) —= k./\/l(D, @Dk(R))
keN k,leN keN

~ lim Dy(R) @R D (R) -

k,leN
kM(m,R) ~

wM(D, R) WM(D @ D, R) ———— M(D, xM(D, R))
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commutes for all m,n € N.

If (D, A) is a unital iterative Hasse-Schmidt system and (R, E) is a commutative unital A-iterative
D-ring, then from the commutativity of the two previous diagrams we conclude that p: R — xM(D, R)
is a D-module algebra structure on R.

If, conversely, p: R — pM(D, R) is a D-measuring from R to itself, then for every m € N we define
a homomorphism of k-algebras E,,: R — D,,(R) as the composition

R % wM(D, R) = lim D, (R) — Dyu(R).
neN

Then by definition the maps (E,)nen fulfill the relations E,, = m,, »,(R) o E,,, for all m > n. Conse-
quently, the family (E,),en defines a D-ring structure on R.

If additionally Dy = k and 1p = n(1) renders into the identity, then Do(R) = R and Ej is
the identity, i.e. (R, E) is a unital commutative D-ring.

If there is a homomorphism of k-coalgebras m: D®y D — D that defines an associative composition
law on D and p makes the diagram commutative, then the inner rectangle of the diagram

R Em Dy (R)
\ /
R——" s M(D,R)
Erin Jp JkM(D,p) D (Ey)
kM (m,R)
#M(D, R) ——— t M(D, ;. M(D, R))
/ A(m,n)(R)
Dm+n(R) D(m,n) (R)

commutes, and thus also the outer for all m,n € N. This means that (R, E) is a commutative A-
iterative D-ring.

If moreover D is a k-bialgebra and p is a D-module algebra structure on R, by the previous (R, E)
is a commutative unital A-iterative D-ring.

Using the identification described in remark we see that the passage between the (unital, iter-
ative) D-ring structure E on R and (unital, associative) D-measurings p on R is given by composition
with the isomorphism lim _ D, (R) = pM(D, R) and its inverse. Therefore, the constructions in

eN
and are inverse to each other. ]

7. Isomorphism of categories

In [3] the authors do not define morphisms between commutative D-rings over k. Though, if
D = (Dyp)nen is a Hasse-Schmidt system over k and if (R, (E,)nen) and (S, (Fy,)nen) are commutative
D-rings, then a morphism from (R, (Ey)nen) to (S, (Fn)nen) can be defined as a homomorphism
of k-algebras ¢: R — S such that D, (¢) o E,, = F, o ¢ holds for all n € N. Then a homo-
morphism of k-algebras ¢: R — S is a morphism of D-rings if and only if the induced morphism

@neN Dn(p): @nGN Dn(R) — LiinneN D, (S) fulfills F oy = @nGN D,(p) o E.
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If D is the k-coalgebra associated to D by proposition then the diagram
I'LnneN Dn(R) —— 1 M(D, R)

Jr&nneN Dn () L@M(Dy@)
]'&nneN D, (S) —— M(D,S),
commutes, where the horizontal arrows are the isomorphisms from proposition So we see that
there is a bijection between the homomorphisms of D-rings from (R, (Eyn)nen) to (S, (Fn)nen) and
the homomorphisms of k-algebras with D-measuring from R to S, where both algebras are equipped
with the D-measuring induced by their D-ring structures. Together with proposition [6.2 we see that
the category of commutative D-rings and the category of commutative algebras with D-measuring are
isomorphic. If (D, A) is a unital iterative Hasse-Schmidt system and D is the associated k-bialgebra,

then this isomorphism induces an isomorphism between the category of commutative unital A-iterative
D-rings and the category of commutative D-module algebras.

8. Examples

In this section we illustrate our results in the cases of Hasse-Schmidt derivations and endomor-
phisms.

Example 8.1 (Hasse-Schmidt derivations). Hasse-Schmidt derivations are described as follows: Let
D = k(0" | € N) be the free k-module with basis (01))en. It becomes a k-algebra with multiplication
defined by e = (m,jl)e(mH) and unit 1 := 0 and a cocommutative k-coalgebra via

A(Q(l)) — Z 9 9U2)  and 5(9(”) = 01,0
li+la=l

A family of finite free k-subcoalgebras is defined by D,, := k:<6‘(0), . ,9(")> for alln € N. We note that
kM(Dy, A) 2 A[t]/(t"Y) and x2M(D, A) =2 A[t] for every commutative k-algebra A. The associated
Hasse-Schmidt system D = (Dp,)nen 18 given by the finite free S-algebra schemes D,, defined by

Dn(A) = kM(Dn, A) = Alg,,(T(Dn), A) = A[t] /(")

for commutative k-algebras A. We note that T(D,,) = k[#*), ... ,0]. The Hasse-Schmidt system D
is unital and iterative with respect to the family A = (A(nm))n,men of morphisms

A(n,m): Dn+m — D(n,m)
defined by
Dtm(A) = AL/ () = (AQu] /(™ + 1)[0]/(v"+) = Da(D(A)), ¢ u+v.

The corresponding homomorphism on the coordinate Tings is given as

T(Dy) @ T(D) = T(Dngm), 01 @602 (ll z+ 12) gli+ia)
1
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for allly €{0,...,n} and Iy € {0,...,m}.
In this situation commutative D-rings are commutative k-algebras R equipped with a family of
k-linear homomorphisms 01 : R — R such that

60 (1 (1)=6d,0 and 6" (ab) Z 0 ll) 9(12 (b)
li+l2=l

for all a,b € R, i.e. commutative k-algebras equipped with a higher derivation. By proposition[6.3 they
can be equivalently described as commutative k-algebras together with a D-measuring on them or by a
homomorphism of commutative k-algebras

0: R — RJ[t].
A commutative D-ring is unital if and only if the composition

RL RS R (8.1)
of the associated homomorphism 0: R — R[t] with the homomorphism of R-algebras R[t] — R, that
maps t to 0, is the identity on R.

A commutative D-rings is A-iterative if and only if the associated homomorphisms 0: R — R][t]
makes the following diagram commutative

R—" R[] (8.2)
9‘/ J{O ]
R[t] —— oy Rfu,v].

Consequently, commutative unital A-iterative D-rings are in 1-1 correspondence with commutative k-
algebras equipped with an iterative derivation, i.e. a homomorphism 6: R — R[t] that renders the
composition (8.1) into the identity and makes the diagram (8.2]) commutative.

Remark 8.2. A higher derivation as defined by Sweedler in [1] corresponds to a D-measuring on a
commutative ring (or a commutative D-ring) as in the previous example. The definition of higher
deriwations by Matsumura in [{]] corresponds to unital D-rings in the last example.

Example 8.3 (Endomorphisms). Endomorphisms on rings can be described as follows: Let
D :=k{o;|i€N)

be the free k-module generated by (0;)ien with k-algebra structure defined by 0,0 = 0,1; and 1 = oq
and cocommutative k-coalgebra structure defined by A(o;) = 0; @ 0; and €(o;) =1 for alli,j € N. We
define k-subcoalgebras D,, of D as the free k-modules generated by 0,01, ...,0,. The corresponding
Hasse-Schmidt system D = (Dyp)nen is given by

D, (A) = x2M(D,,, A) =2 A"

for all commutative k-algebras A, where A"t is a k-algebra with pointwise addition and multiplication.
The homomorphism Ty, 1, (A): Dy (A) — D, (A) is given by the projection to the first n + 1 factors.
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The Hasse-Schmidt system D becomes iterative with respect to the morphisms
Anm)t Dptm(A) = Dy (Din(A))
that are induced by the homomorphisms of k-algebras
T(Dn) @ T(Dm) = T(Dnym), 0i® 05 = 0igj,

which are surjective (and therefore Ay, ) are closed immersions).

Commutative k-algebras R with D-measuring are in 1-1 correspondence with commutative k-algebras
R that are equipped with a family of endomorphisms (o;)ien of R. The corresponding commutative
D-ring (R, E) is given by a family of homomorphisms

E,: R— R"!

of k-algebras, defined by E, (1) = (0;(7))i=o0,...n 0T equivalently by

E:R—RY, r— (05(7))ien-

Using this notation, commutative D-module algebras (or equivalently: commutative unital A-iterative
D-rings) are in 1-1 correspondence with commutative k-algebras equipped with an endomorphism o of
k-algebras, such that o; = o* for all i € N.

Other interesting structures on rings that can be described using D-measurings (resp. D-module
algebras), where D is a cocommutative coalgebra (resp. bialgebra) include derivations, but also a
modified version of the iterated g-difference operators introduced by Hardouin (cf. [8]) as explained
by Masuoka (cf. [9]).

Remark 8.4. It seems that while by using higher or iterative derivations certain problems in differen-
tial algebra in positive characteristic can be overcome, possibly similar problems in difference algebra
can be resolved by the consideration of systems of endomorphisms or of higher powers of an endomor-
phisms. Indications for this appeared also in [10] and [I1)]. In the view of this note, in both cases this
s achieved by considering certain “iterative” structures.
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